ERROR BOUNDS FOR MONOTONE APPROXIMATION
SCHEMES FOR PARABOLIC HAMILTON-JACOBI-BELLMAN
EQUATIONS
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ABSTRACT. We obtain non-symmetric upper and lower bounds on the rate of
convergence of general monotone approximation/numerical schemes for par-
abolic Hamilton-Jacobi-Bellman Equations by introducing a new notion of
consistency. Our results are robust and general — they improve and extend
earlier results by Krylov, Barles, and Jakobsen. We apply our general results
to various schemes including Crank-Nicholson type finite difference schemes,
splitting methods, and the classical approximation by piecewise constant con-
trols. In the first two cases our results are new, and in the last two cases the
results are obtained by a new method which we develop here.

1. INTRODUCTION

In this article, we are interested in the rate of convergence of general monotone
approximation/numerical schemes for time-dependent Hamilton-Jacobi-Bellman (HIB)
Equations.

The HJB Equations we consider are written in the following form,

(1.1) uy + F(t, z,u, Du, D*u) = 0 in Qr:=(0,T] xRV,
(1.2) u(0,x) = up(x) in RV,
where

F(t,x,r,p, X) = sup {L*(t,x,7,p, X)} ,
acA
with

LYty x,r,p, X) = —tr[a®(t, ) X] = b*(t,2)p — c*(¢t, x)r — fO(¢, ).

The coefficients a®, b%, ¢, f* and the initial data ug take values respectively in
S, the space of N x N symmetric matrices, R, R, R, and R. Under suitable
assumptions (see (A1) in Section 2), the initial value problem (1.1)-(1.2) has a
unique, bounded, Holder continuous, viscosity solution u which is the value function
of a finite horizon, optimal stochastic control problem.

We consider approximation/numerical schemes for (1.1)-(1.2) written in the fol-
lowing abstract way

(1.3) S(h,t,z,up(t, ), [upltz) =0 in g;:' =G\ {t =0},
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up(0,z) = upo(x) in Gp:=G,n{t=0},

where S is, loosely speaking, a consistent, monotone and uniformly continuous
approximation of the equation (1.1) defined on a grid/mesh G, C Q. The ap-
proximation parameter h can be multi-dimensional, e.g. h could be (At, Ax), At,
Ax denoting time and space discretization parameters, Az can be itself multi-
dimensional. The approximate solution is uy, : G, — R, [up]e,» is a function defined
from wup representing, typically, the value of wp at other points than (¢,z). We
assume that the total scheme including the initial value is well-defined on some
appropriate subset of the space of bounded continuous functions on G,. The grid
G, will vary from application to application, and when G;, C Q7 is discrete (as it
is not always the case!), any function on Gy, is automatically continuous.

The abstract notation S was introduced by Barles and Souganidis [3] to display
clearly the monotonicity of the scheme. One of the main assumptions is that S
is non-decreasing in w;, and non-increasing in [up];, with the classical ordering of
functions. The typical approximation schemes we have in mind are various finite
differences schemes (see e.g. Kushner and Dupuis [12] and Bonnans and Zidani
[5]), (operator) splitting methods (see e.g. Tourin [27] and references therein), and
control schemes based on the dynamic programming principle (see e.g. Camilli
and Falcone [6]). However, we will not discuss control schemes in this paper, since
better results can be obtained using the different approach of [1].

The aim of this paper is to obtain estimates on the rate of the convergence of uy,
to u. To obtain such results, one faces the double difficulty of having to deal with
both fully nonlinear equations and non-smooth solutions. Since these equations
may be also degenerate, the (viscosity) solutions are expected to be no more than
Holder continuous in general.

Despite of these difficulties, in the 80’s, Crandall & Lions [9] provided the first
optimal rates of convergence for first-order equations. We refer to Souganidis [26]
for more general results in this direction. For technical reasons, the problem turns
out to be more difficult for second-order equations, and the question remained open
for a long time.

The breakthrough came in 1997 and 2000 with Krylov’s papers [19, 20], and by
now there exists several papers based on and extending his ideas, e.g. [1, 2, 10, 17,
21, 22]. One of the main ideas of Krylov is a method named by himself “shaking
the coefficients”. Combined with a standard mollification argument, it allows one
to get smooth subsolutions of the equation which approximate the solution. Then
classical arguments involving consistency and monotonicity of the scheme yield a
one-sided bound on the error. This method uses in a crucial way the convexity of
the equation in u, Du, and D?u.

It is much more difficult to obtain the other bound and essentially there are two
main approaches. The first one consists of interchanging the role of the scheme
and the equation. By applying the above explained ideas, one gets a sequence of
appropriate smooth subsolutions of the scheme and concludes by consistency and
the comparison principle for the equation. This idea was used in different articles,
see [1, 10, 17, 19, 22]. Here, the key difficulty is to obtain a “continuous dependence”
result for the scheme. Even though it is now standard to prove that the solutions
of the HJIB Equation with “shaken coefficients” remain close to the solution of
the original equation, such type of results are not known for numerical schemes in
general. We mention here the nice paper of Krylov [22] where such kind of results
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are obtained by a tricky Bernstein type of argument. However, these results along
with the corresponding error bounds, only hold for equations and schemes with
special structures.

The second approach consists of considering some approximation of the equation
or the associated control problem and to obtain the other bound either by proba-
bilistic arguments (as Krylov first did using piecewise constant controls, [21, 20]) or
by building a sequence of appropriate “smooth supersolutions” of the equation (see
[2] where, as in the present paper, approximations by switching are considered).

The first approach leads to better error bounds than the second one but it seems
to work only for very specific schemes and with restrictions on the equations. The
second approach yields error bounds in “the general case” but at the expense of
lower rates.

In this paper we use the second approach by extending and improving the argu-
ments of [2]. Compared with the various results of Krylov, we obtain better rates
in most cases, our results apply to more general schemes, and we use a simpler,
purely analytical approach. In fact our method is robust in the sense that it ap-
plies to “general” schemes without any particular form and under rather natural
assumptions. However, as mentioned before, in certain situations the first approach
yields better rates [22].

The results in [2] apply to stationary HJB equations set in whole space RY. In
this paper we extend these results to initial value problems for time-dependent HJB
equations. The latter case is much more interesting in view of applications, and
slightly more difficult from a mathematical point of view. We introduce a new and
very general monotonicity assumption for the scheme — its generality allowing us
to handle more general time-discretizations of HJB equations than have appeared
in the literature so far. We relax the assumptions on the controls compared with
[2], the new assumptions being more natural, and we also present several technical
improvements and simplifications in the proofs.

However, the most important difference between the two papers lays in our
opinion in the formulation of the consistency requirements of the main (abstract)
result and in the new applications we are able to handle. Here we introduce a new,
more general formulation of consistency that emphasizes more the non-symmetrical
feature of the upper and lower bounds and their proofs. It is a kind of a recipe
on how to obtain error bounds in different situations, one which we feel is easier
to apply to new problems and gives better insight into how the error bounds are
produced. Other important contributions of this paper are the new applications
we consider: (i) Finite difference methods (FDMs) using the f-method for time
discretization (Crank-Nicholson type schemes), (ii) semidiscrete splitting methods,
and (iii) approximation by piecewise constant controls. In the first two cases error
bounds have not appeared before, and in the last two cases the results are obtained
by a new method based on semi-group techniques which we develop here.

The results for finite difference approximations can be compared with the ones
obtained by Krylov in [20, 21]. As in [2], we get the rate 1/5 for monotone FDMs
while the corresponding result in [21] is 1/21. Of course, in special situations the
rate can be improved to 1/2 which is the maximal rate under our assumptions.
We refer to [22] for the most general results in that direction, and to [11] for the
optimality of the rate 1/2. The results for semidiscrete splitting methods are new,
while the ones for the control approximation we get 1/10 which is worse than 1/6
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obtained by Krylov in [21]. It would be interesting to understand why Krylov is
doing better than us here but not in the other cases.

We conclude this introduction by explaining the notations we will use throughout
this paper. By |- | we mean the standard Euclidean norm in any R? type space
(including the space of N x P matrices). In particular, if X € SV, then |X|? =
tr(XXT) where X7 denotes the transpose of X.

If w is a bounded function from some set Q' C Q. into either R, RM  or the
space of N x P matrices, we set

lwlo = sup |w(t,y)|
(t,y)eQ’

Furthermore, for ¢ € (0,1], we set

whs = sup ACEDZWED = ey + fuls.

(ta)#(s.y) (|2 —y|+ [t —s[1/2)°

Let Cy(Q") and C%%(Q’), § € (0,1], denote respectively the space of bounded con-
tinuous functions on @’ and the subset of C(Q’) in which the norm | - |5 is finite.
Note in particular the choices Q' = Q7 and Q' = RM. In the following we always
suppress the domain @’ when writing norms.

We denote by < the component by component ordering in RM and the ordering
in the sense of positive semi-definite matrices in S*V. For the rest of this paper we
let p denotes the same, fixed, positive smooth function with support in {0 < ¢t <
1} x{|z|] < 1} and mass 1. From this function p, we define the sequence of mollifiers
{pe}eso as follows,

1 t x . =
Ps(t@):gNHP(EQag) n Q.

The rest of this paper is organized as follows: In the next section we present
results on the so-called switching approximation for the problem (1.1)-(1.2). As in
[2], these results are crucial to obtain the general results on the rate of convergence
of approximation/numerical schemes and are of an independent interest. Section 3
is devoted to state and prove the main result on the rate of convergence. Finally
we present applications to classical finite difference schemes, splitting method, and
classical approximation by piecewise constant controls.

2. CONVERGENCE RATE FOR A SWITCHING SYSTEM

In this section, we obtain the rate of convergence for a certain switching system
approximations to the HJB equation (1.1). Such approximations have be studied
in [13, 7], and a viscosity solutions theory of switching systems can be found in
[28, 16, 15]. We consider the following type of switching systems,

(2.1) Fi(t,x,v, 0vs, Dvs, D*v;) = 0 in Qp, ie€Z:={1,...,M},
v(0, ) = vo(x) in RV,
where the solution v = (vy,--- ,vy) is in RM, and for i € Z, (t,x) € Qp, r =

(ri,--- ) ERM p, € R, p, € RN, and X € SV, F; is given by

Fi(taxar7ptapI7X) = max {pt + sup ‘Ca(taxariapwvx);ri - Mi?"},
acA;
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where the A;’s are subsets of A, £ is defined below (1.1), and for k& > 0,
M;r = min{r; + k}.
J#i

Finally for the initial data, we are interested here in the case when vy = (ug, . .., ug).
Under suitable assumptions on the data (See (A1) below), we have existence
and uniqueness of a solution v of this system. Moreover, it is not so difficult to see
that, as k — 0, every component of v converge locally uniformly to the solution of
the following HJB equation
(2.2) ug + sup L(x,u, Du, D*u) =0 in Qr,
acA

u(0,x) = up(x) in RY,

where A = U; A;.

The objective of this section is to obtain an error bound for this convergence.
For the sake of simplicity, we restrict ourselves to the situation where the solutions
are in C%1(Qr), i.e. when they are bounded, Lipschitz continuous in z, and Holder
1/2 in t. Such type of regularity is natural in this context. However, it is not
difficult to adapt our approach to more general situations, and we give results in
this direction in Section 6.

We will use the following assumption

(A1) For any a € A, a® = 10%0*" for some N x P matrix o®. Moreover, there is

a constant K independent of o such that
luolt + %1 + b1 + |c*[1 + [f*1 < K.

Assumption (Al) ensures the well-posedness of all the equations and systems
of equations we consider in this paper; we refer the reader to the Appendix for
a (partial) proof of this claim. In the present situation, we have the following
well-posedness and regularity result.

Proposition 2.1. Assume (A1). Then there exist unique solutions v and u of
(2.1) and (2.2) respectively, satisfying

vl +[ulr < C,

where the constant C' only depends on T and K appearing in (A1).
Furthermore, if wy and wy are sub- and supersolutions of (2.1) or (2.2) satisfying
w1 (0, ) <wsy(0,-), then wy < ws.

Remark 2.1. The functions o®,b*, c%, f* are a priori only defined for times ¢t €
[0,7]. But they can easily be extended to times [—r,T + r| for any » € R in
such a way that (A1) still holds. In view of Proposition 2.1 we can then solve our
initial value problems (2.1) and (2.2) either up to time T + r and even, by using a
translation in time, on time intervals of the form [—r, T + r]. We will use this fact
several times below.

In order to obtain the rate of convergence for the switching approximation, we
use a regularization procedure introduced by Krylov [20, 1]. This procedure requires
the following auxiliary system

(2.3) FE(t,z,v°, 005, Dvs, D*vf) = 0 in Qrye, i1€7Z,

v5(0,z) = vo(x) in RY,
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where v® = (v§, -+ ,v%),
Fia(tvxvrvptvpz7M) =
max {pf+ sup La(t+5,I+€,Ti,px,X); Ti*MiT}a

aEA;
0<s<e?,le|<e

and £ and M are defined below (1.1) and (2.1) respectively. Note that we use here
the extension mentioned in Remark 2.1.
By Theorems A.1 and A.3 in the Appendix, we have the following result:

Proposition 2.2. Assume (A1). Then there exist a unique solution v* :@T+62 —
R of (2.3) satisfying
1
[v¥]1 + = |v° —v]o < C,
€
where v solves (2.1) and the constant C' only depends on T and K from (A1).

Furthermore, if w1 and wy are sub- and supersolutions of (2.3) satisfying w1(0, -)
w2(0, ), then wy < ws.

IN

We are now in a position to state and prove the main result of this section.

Theorem 2.3. Assume (A1) and vg = (ug,...,up). If u and v are the solutions
of (2.2) and (2.1) respectively, then for k small enough,

Ogvi—ungl/g m Qr, i1€T,
where C only depends on T and K from (A1).

Proof. Since w = (u,...,u) is a subsolution of (2.1), comparison for (2.1) (Propo-
sition 2.1) yields u < v; for ¢ € 7.

To get the other bound, we use an argument suggested by P.-L. Lions [23] to-
gether with the regularization procedure of Krylov [20]. Consider first system (2.3).
It follows that, for every 0 < s < &2, |e| < ¢,

atvz'€+ sup ,Ca(t—FS,Z‘+€,U§(t,$),DU§,D2U§)SO in QT+€23 1e7.
acA;
After a change of variables, we see that for every 0 < s < &2, |e| < ¢, v°(t—s,7—¢)
is a subsolution of the following system of uncoupled equations

(2.4) Oww; + sup L(t,x,w;, Dw;, D*w;) =0 in Q%, i€,
a€A;
where Q% := (2,T) x RN. Define v. := v° * p. where {p.}. is the sequence of

mollifiers defined at the end of the introduction. A Riemann-sum approximation
shows that v (¢, z) can be viewed as the limit of convex combinations of v*(t—s,z—
e)’s for 0 < s < €2 and |e| < e. Since the v°(t — s,z — e)’s are subsolutions of the
conver equation (2.4), so are the convex combinations. By the stability result for
viscosity subsolutions we can now conclude that v, is itself a subsolution of (2.4).
We refer to the Appendix in [1] for more details.

On the other hand, since v° is a continuous subsolution of (2.3), we have

vi <minv; +k in Qrye, i€Z.
J#i
It follows that max; v (t, ) — min; v$ (¢, ) < k in Q4 .2, and hence

|U§:7U§|0§ka ZaJGI
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Then, by the definition and properties of v., we have
k k
|at’U5i — 8{1]5]"0 S 0*2, ‘Dn’UEi — Dn’UEj|0 S C*, n e N, Z,] S I,
€ en

where C' depends only on p and the uniform bounds on v.; and Dv,;, i.e. on T and
K given in (A1). Furthermore, from these bounds, we see that for ¢ < 1,

k

Opvej + sup L% v ;] — Opve; — sup L%vg,]| < C— in Qp i4,j€Z
acA; acA; 3

Here, as above, C' only depends on p, T and K. Since v, is a subsolution of (2.4),

this means that,

k
atUEi+ sup [’a(‘r7vé‘i7DUEiaD2UEi> < 072 in Q%a 1€ 1.
acA €
From assumption (A1) and the structure of the equation, we see that v.; —teX*C'%
is a subsolution of equation (2.2) restricted to Q5.
Comparison for (2.2) restricted to Q% (Proposition 2.1) yields

k
vy —u < oKt <|’U5i(€27 )= 11(527 o + Ctz) in Q7 i€l
€
Regularity of u and v; (Proposition 2.1) implies that

Ju(t, ) —vi(t,)lo < ([l + [vil)e i [0,€7].

Hence by Proposition 2.2, regularity of v and v{, and properties of mollifiers, we
have

k . .
Vi —u <V =+ —u<Cle+ =) in Qp i€l
€

Minimizing w.r.t. € now yields the result. (]

3. CONVERGENCE RATE FOR THE HJB EQUATION

In this section we derive our main result, an error bound for the convergence of
the solution of the scheme (1.3) to the solution of the HJB Equation (1.1)-(1.2).
This result extends and improves earlier results by Krylov [19, 20], Barles and
Jakobsen [1, 2, 17].

Throughout this section, we assume that (Al) holds and we recall that, by
Proposition 2.1, there exists a unique C%!-solution u of (1.1) satisfying |u|; < C,
where the constant C' only depends on T" and K from (Al). In Section 6, we will
weaken this assumption and give results for C%# solutions, 3 € (0,1). In addition,
to get a lower bound on the error, we need the following technical assumption that
allows us to approximate HJB equation (1.1) by another HIB equation where the
supremum (maximum) is over a finite set:

(A2) The control set A is a separable metric space and the coefficients o%, b%, ¢®,

f¢ are continuous in « for all z, t.

This assumption is used by Krylov [20, 21], and it is more natural and general
than the one used in [2] (Assumption (A3) page 8).

Next we introduce the assumptions for the scheme (1.3).
(S1) (Monotonicity) There exists A, > 0,hg > 0 such that if |h| < hg, u < v
are functions in Cy(Gp), and ¢(t) = e**(a + bt) + ¢ for a,b,c > 0, then

S(hyt,z,r+ ¢(t), [u+ ¢lew) = S(h,t,x,r, [V]e.) +b/2—Ae in G
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(S2) (Regularity) For every h and ¢ € Cy(Gp), the function (¢,z) —
S(h,t,x, ¢(t,x),[¢]t ) is bounded and continuous in G, and the function r —
S(h,t,z,r, [¢):.) is uniformly continuous for bounded r, uniformly in (¢, z) € G,
Assumptions (S1) and (S2) imply a comparison result for the scheme (1.3), see
Lemma 3.2 below. Assumption (S1) is very general and allows one to handle more
general time discretizations than in previous papers, see Remark 3.4 below.

Remark 3.1. In (S1) and (S2) (and in Theorem 3.1 below) we may replace Cy,(Gp,) by
any subset of this space as long as (1.3) is well-defined for functions in this set. E.g.
in Section 4 we replace it by Cy(R™) and in Section 5 by C({0,1,...,ny}; C>H(RY))
(since Gy, = {0,1,...,n7} x RY there).

Let us now state the key consistency conditions.
(S3)(i) (Sub-consistency) There exists a function Ey (K, h,¢) such that for any
sequence {¢. teso of smooth functions satisfying

107° D% ¢ (,1)] < Ke' =271 in @y, for any By €N, ' = (8)); € NV,
where |3'] = 2N, B, the following inequality holds:

S(h’a t7 €T, ¢E(t7 I), [¢6]t,ac) S ¢Et + F(tv z, ¢7 Dd)aa D2¢E) + El (f(v h’a 6) in g}j

(S3)(ii) (Super-consistency) There exists a function Fy(K,h,e) such that for
any sequence {¢. }. of smooth functions satisfying

102 D% e (x,1)] < Ke' =20~ 18'l in Qp,  for any fy €N, f' € NV,
the following inequality holds:
S(ha tv x, d)e(tv $), [d)s]t,z) 2 ¢8t + F(t, x, ¢7 D¢63 D2¢5) - EQ(Kv ha 5) il’l g}T

The typical ¢. we have in mind in (S3) is of the form x. * p. where (x¢): is a
sequence of uniformly bounded functions in C%! and p. is the mollifier defined at
the end of the introduction. This function satisfies the derivative bounds of (S3).

The main result in this paper is the following:

Theorem 3.1. Assume (A1), (S1), (S2) and that (1.3) has a unique solution up,
in Cy(Gr). Let u denote the solution of (1.1)-(1.2), and let h be sufficiently small.

(a) (Upper bound) If (53)(i) holds, then there exists a constant C depending
only p, K in (S1), (A1) such that

u—up, < e"|(ug —uo.p) "o +Cr5n>161 (5—|—E1(IE', h,s)) in G,

for h small enough and K = |ul;.
(b) (Lower bound) If (S3)(ii) and (A3) holds, then there exists a constant C
depending only p, K in (S1), (A1) such that

u—up > —eM|(ug — uon) "o — C’m>i{)1 (51/3 + Eg(f(, h,e)) m G,
g
for h small enough and K = |ul;.

The motivation for this new formulation of the upper and lower bounds is three-
fold: (i) in some applications, F; # F5 and therefore it is natural to have such
asymmetry in the consistency requirement (see Section 5), (ii) from the proof it
can be seen that the upper bound (a) is proven independently of the lower bound
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(b), and most importantly, (iii) the new formulation describes completely how the
bounds are obtained from the consistency requirements. The good h-dependence
and the bad ¢ dependence of F; and Fs are combined in the minimization process
to give the final bounds, see Remark 3.2 below.

Since the minimum is achieved for ¢ < 1, the upper bound is in general much
better than the lower bound (in particular in cases where Ey = F5).

Finally note that the existence of a uy in (some appropriate subset of) Cy(Gy)
must be proved for each particular scheme S. We refer to [19, 20, 1, 17] for examples
of such arguments.

Remark 3.2. In the case of a finite difference method with a time step At and max-
imal mesh size in space Az, a standard formulation of the consistency requirement
would be

3 ere exist finite sets I C X , [ C Ny x and constants K. > 0,
(S3’) Th ist fini s [ C N Névif N NV and K 0
kg, ks for B = (8o, 3') € I,8 = (Bo, ') € I such that for every h = (At, Ax) > 0,
(t,z) € G, and smooth functions ¢:

|6t + F(t, 2,6, D, D*¢) — S(h, t,z,4(t, ), [¢]1,2)]
<K 107D gloAt™ + K. > 1072 D7 glo A,
Bel Bel
The corresponding version of (S3) is obtained by plugging ¢. into (S3’) and using
the estimates on its derivatives. The result is
E\(K,h,e) = Ey(K, h,e)
KK, Y B8 Ak KK, b2 1 A s,
Bel Bel
From this formula we see that the dependence in the small parameter ¢ is bad since

all the exponents of ¢ are negative, while the dependence on At, Az is good since
their exponents are positive.

Remark 3.3. Assumption (S1) contains two different kinds of information. First,
by taking ¢ = 0 it implies that the scheme is nondecreasing with respect to the
[u] argument. Second, by taking u = v it indicates that a parabolic equation — an
equation with a u; term — is being approximated. Both these points play a crucial
role in the proof of the comparison principle for (1.3) (Lemma 3.2 below).

To better understand that assumption (S1) implies parabolicity of the scheme,
consider the following more restrictive assumption:

(S1’) (Monotonicity) There exists A > 0, K > 0 such that if u < v, u,v € Cy(Gp,),
and ¢ : [0,T] — R is smooth, then

S(hyt,z,r+¢(t), [u+ ¢li.a)

> S(h,t,x,r, [V]ea) + ¢'(t) — KAt |o = Ao (t) in Gy
Here h = (At, h') where h' representing a small parameter related to e.g. the space

discretization. It is easy to see that (S1’) implies (S1), e.g. with the same value for
A and the following values of p and hg:

p=XA+1 and  hy'=2KePVT(A+1)24+ N+ 1)T).



10 BARLES AND JAKOBSEN

Remark 3.4. Assumptions (S1’) and (S1) are more general than the corresponding
assumptions used in earlier papers by Krylov and ourselves [20, 17]. They are
satisfied for all monotone finite difference in time approximations of (1.1), e.g.
monotone Runge-Kutta methods and monotone multi-step methods, both explicit
and implicit methods. Note that whereas many Runge Kutta methods lead to
monotone schemes for (1.1) (possibly under a CFL condition), it seems that the
most commonly used multi-step methods (Adams-Bashforth, BDS) do not. We refer
to [25] for a multi-step method that yields a monotone approximation of (1.1).

Using the generality of (S1), we provide the first error bounds for Crank-Nicholson
type schemes for (1.1) in Section 4.

In the proof of Theorem 3.1 we need the following comparison result for bounded
continuous sub and supersolutions of (1.3).

Lemma 3.2. Assume (S1), (52), and that u,v € Cy(Gy) satisfy
S(h,t,z,u(t,x), [ulte) < g1 in G,
S(h,t,z,v(t,z), [V]eg) > g2 in g,j ,
where g1, g2 € Cy(Gr). Then
u—v < e"(u(0,-) = v(0,-)) o+ 2te"* (g1 — 92) " o,
where X and p are given by (S1).
Proof. 1. First note that it suffices to prove the lemma in the case

(3.1) u(0,z) —v(0,2) <0 in G,

(3.2) g1(t,x) —g2(t,x) <0 in G.
The general case follows from this result after noting that by (S1
w=v+e" (|(w0,) = v(0,-))"lo + 2t[(91 — g2) " o)

),
satisfies S(h,t, x, w(t,z), W) > g1 in G and w(0,z) — w(0,2) < 0 in GY.
2. We assume that (3.1) and (3.2) hold and, for b > 0, we set 1), (t) = e'2bt where
 is given by (S1) and
M(b) = s;lp{u —v—1y} .
h

We have to prove that M (0) < 0 and we argue by contradiction assuming M (0) > 0.
3. Consider b > 0 for which M (b) > 0 and take a sequence {(t,2n)}n C Gp such
that

Op = M(O) — (u—v—p)(tn,zn) 0 as n — oc.
Since M (b) > 0 and (3.1) holds, ¢, > 0 for all sufficiently large n. For such n,

g1 > S(h,tn, n,u, [ule, o) (u subsolution)
> S(hytp, Tn,v+ Py + M(b) — 6y, [v+ Uy + M), 2,) (S1),¢0=0
> w(byn)
+ S(h,tn, Tn, v+ Yy + M), v+ Yy + M), 2.) (52)
> w(0p) +b—AM) + S(h,tn, Tn, v, [V, 2,) (81), 9=y +M
> w(0,) +b— AM(b) + go, (v supersolution)
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where we have dropped the dependence in t,,x, of u, v and v, to simplify the
notation. Recalling (3.2) and sending n — oo lead to

b—AM(b) <0.

4. Since M (b) < M(0), the above inequality yields a contradiction for b large, so
for such b, M(b) < 0. On the other hand, since M(b) is a continuous function of
b and M(0) > 0, there exists a minimal solution b > 0 of M(b) = 0. For § > 0
satisfying b — & > 0, we have M (b —§) >0 and M(b—0) — 0 as 6 — 0. But, by 3
we have

b—3d < AM(b—9),

which is a contradiction for § small enough since b > 0. (]

Proof of Theorem 3.1 (a). We only sketch it since it relies on the regularization
procedure of Krylov used in Section 2. More details can be found in [19, 20, 1, 17].
The main steps are:

1. Introduce the solution u° of

u + sup F(t+s,x+e,u(t,x), Du, D*u®) = 0 in Qr .2,
0<s<e?|e|<e

u®(x,0) = ug(x) in RY.

Essentially as a consequence of Proposition 2.1, it follows that u° belongs to CoYQr)
with a uniform C%!(Qr)-bound K.

2. By analogous arguments to the ones used in Section 2, it is easy to see that
ue = u® * pc is a subsolution of (1.1). By combining regularity and continuous
dependence results (Theorem A.3 in the Appendix), we also have |u. — ulg < Ce
where C only depends T and K in (Al).

3. Plugging u. into the scheme and using (S3)(i) and the uniform estimates on u®
we get

S(h,t,z,uc(t, o), [uc)ee) < B1(K, h,e) in G;
where K is the above mentioned uniform C%! estimate on u°, see step 1.

4. Use Lemma 3.2 to compare u. and uy and conclude by using the control we have
on u — u. and by taking the minimum in €. O

Proof of Theorem 3.1 (b). Here, unfortunately, we can not follow the scheme
of the proof of (a) since we do not know how to obtain a sequence of approximate,
global, smooth supersolutions of (1.1). In stead we build approximate supersolu-
tions which are smooth at the ”right points”. First we consider the case when A is
finite using a switching system approach similar to the approach in [2], then we do
the general case using our new Assumption (A2), and finally we prove a key lemma
used in the first part of the proof.

1. The case A= {ai,...,an}.

We build the “almost smooth” supersolutions out of the solutions of the following
switching system approximation of (1.1):

(3.3)  Ff(t,x, v, 005, Dus, D*v5) =0 in Qrige, i€Z:={1,...,M},

v°(0,2) = vo(z) in RV,
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where v® = (v5,---,v5,), vo = (uo, ..., o),
(34) Fis(ta'raraptavaX) =

max{pt—l— min L%t +s -z +e i, pe, X); ri—Mir},
0<s<e?,|e|<e

and £ and M are defined below (1.1) and (2.1) respectively. When k and e are
small, the solution of this system is expected to be close to the solution of (1.1)
(remember that A = {«a1,...,ap}!). In fact we have the following result.

Lemma 3.3. Assume (A1). There exists a unique solution v¢ of (3.3) satisfying

[0 <K, |of —vflo <k, and, for k small, max [u—vilo < Ce+ kP,
S

where u solve (1.1) and (1.2), i,7 € T, and K, C only depend on T and K from
(Al).

Proof. Theorems A.1 and A.3 in the Appendix yield the existence and uniqueness
of a solution v° : Qp g2 — R of (3.3) satisfying [v¥]1 + L[v® —v0]g < C. Here v°
is the solution of (3.3) with ¢ = 0, i.e. of (2.3) in Section 2. Theorem 2.3 then
implies that |u—v|y < Ck'/3. Finally, an argument given in the proof of Theorem
2.3 in Section 2 shows that 0 < max; v; — min; v < k in Q2. The constants C
depend only on T and K from (Al). O

In order to simplify the arguments in this proof (to have the simplest possible
formulation of Lemma 3.5 below), we have defined the solutions of the equation
with “shaken coefficients” (3.3) in a slightly larger domain than Qr.

The (almost) smooth supersolutions of (1.1) we are looking for are built out of
v° by mollification. But to have initial data at ¢ = 0 after mollification of v¢, we
have to shift v* in time and consider

oS (t, x) = v5(t — €2, x).
The function o° is defined on Q% := (—¢%,T 4 €*] x RN, and by Lemma 3.3 it
satisfies |9°|; < K and hence
(3.5) |05 —vS|g < Ke for i€Z.
We mollify ¢ and define

Vg = pe xU; for i€,

where p. is the mollifier defined at the end of the introduction. Note that v. is
defined on @, .2, and in view of Lemma 3.3, inequality (3.5), and properties of
mollifiers it satisfies |v.|; < K, and for k small,

(3.6) |vei —ve | <C(k+e)in Qrye, max lu —ve ;] < Cle+ EY3) in Qr,
1€
where i,j € Z and the constants C' only depend on T" and K from (Al).
Now we are in a position to define our “almost smooth” supersolutions w,

w:=minve; for i¢€Z.
€T

The way we have built v., it turns out that w will be a supersolution of (1.1) in Qr
when ¢ is small compared with k. This is a consequence of the following lemma.
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Lemma 3.4. Assume (A1) and ¢ < (8sup,;[v]1) k. For every (t,x) € Qr, if
J = argmin,7v.,(t, x), then

atvsj(ta (E) + LY (ta z, ’Ugj(t, (E)7 vaj(t7 LL'), DQUEj(t’ {,C)) Z 0.

The proof of this lemma will be given at the end of this section. The key
consequence is the next lemma which shows that w is an approximate supersolution
of the scheme (1.3). This result is the corner-stone of the proof of the lower bound,
and its proof should explain the name “almost smooth” supersolution for w.

Lemma 3.5. Assume (A1) and ¢ < (8sup;[v5]1)~tk. Then the function w :=
min;ez ve; 48 an approximate supersolution of the scheme (1.3) in the sense that

S(h,t,z,w(t,x), [w]ez) > —Ey(K,h,e) in Q;{,
where K comes from Lemma 3.3.

Proof. Let (t,z) € Qr and j be as in Lemma 3.4. We see that w(t,z) = v.;(t, )
and w < w.; in Gy, and hence the monotonicity of the scheme (cf. (S1)) implies
that

S(h,t,z,w(t, x), [w]e) > S(ht,z,ve(t, ), [Ve]t,2)-
But then, by (S3)(ii),
S(h,t,z,w(t,z), (W)
> O0pv.(t, x) + LY (t,2,0-(t, 2), Dve;(t, x), D?v-(t, x)) — B2 (K, h,e),

and the proof is complete after an application of Lemma 3.4. ([l

It is now straightforward to derive the lower bound, we simply choose k =
8sup,[vf]1e and use Lemma 3.2 to compare uj, and w. This yields

up —w < e’ |(upo — w(0,-)) o + 2t Ey(K, h,e) in Gp.
But by inequalities (3.6), for small enough ¢ (and hence small enough k) we have
lw —ulo < Cle + k + k/3),
and therefore
up —u < e (upo — uo) T o + 2te" Eo(K, hye) + Ce + k + k;l/3) in Gy,

for some constant C'. In view of our choice of k, we get the lower bound by mini-
mizing w.r.t . Note that here ¢ will be an increasing function of h and therefore
the requirement that € is small implies that A must be small as well. This concludes
the proof in the case when A is finite.

2. The case of general A.

By (A2) A is a separable metric space and hence has a countable dense subset
Aoo. Furthermore, by (A2) the coefficients are continuous in « and therefore

sup L*(t,x,r,p, X) = sup L(¢t, z,r,p, X).
A Ao
In other words, under assumption (A2) we may replace A by A in equation (1.1).
Now take a sequence of sets {An}37_; C A such that

Ay C Apgyq for M €N and USre1 An = A
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Let u denote the solution of (1.1) and (1.2) and let u™ be the solution of (1.1) and
(1.2) when A is replaced by Ay;. By Proposition 2.1 we have the following C%!
bounds,
luly + [u™]; < K,
where K only depends on T' and K from (A1) and not on M. Arzela-Ascoli’s
theorem then implies that a subsequence of {u™},,, also denoted {u™},/, converge
locally uniformly. It is an easy exercise to prove that the limit function solve (1.1)
and (1.2), and hence by uniqueness is equal to u.
By part 1 of this proof we have that

uf\f —uM < lower bound,

where u}! solve a scheme (1.3) related to equation (1.1) when A is replaced by Axs.
In fact we do not need (or want!) to introduce u}! at all. To see this note that
the “almost smooth” supersolution w of part 1, is a supersolution of (1.1) also for
general A. Now by re-examining the proof of Lemma 3.5 we see that we can replace
u{l” by up in that Lemma, and repeating the rest of part 1 then leads to

Up, — u™ < lower bound.

The lower bound on u — uy, can then be obtained by sending M — oo after noting
that the “lower bound” mentioned above (see part 1) do not depend on M.

3. The proof of Lemma 3.4.

Fix an arbitrary point (¢,z) € Q7 and set j := argmin,c7 v.;(¢, z). By definition
of M and j we have

Ve (t, ) — Mjve(t, x) = mjx {ve;(t, x) —vei(t, x) — k} < —k,
i#]

and by Holder continuity of ©° (Lemma 3.3) and properties of mollifiers we see that
05 (t, x) — M;o°(t, x) < —k + 2 max[vf]; 2¢.
Using again Holder continuity of o, for any (¢,%) € Q5., we get
75 (£, 7) = Myv*(£,7) < —k + 2max([v)y (2 + |o — 7| + |t - t|1/2).
Now we conclude that if |z — Z| < e, |t — | < €2, and € < (8 max;[v5]1) "k, then
o5 (t, ) — M;o°(t,z) <0,
and by equation (3.3) and the definition of ¢, v°(¢,x) = v*(t — 2, x

),
005t T) + B R (t+ s, + e,05(t,©), D5 (¢, &), D*05 (1, 7)) = 0.

After a change of variables, we see that for every 0 < s < 2, |e| < &,
(3.7) 005 (t — 5,2 — e)(t,v)
+ LY (t, 2,05 (t — 5,2 —e), Dvj(t — 5,0 — e),Dzz_);(t —s,x—e)) > 0.
In other words, for every 0 < s < &* and |e| < &, ¥5(t — 5,2 — e) is a (viscosity)
supersolution at (¢, x) of
(3.8) Xt + L% (t,x, x, Dx, D*x) = 0.

By mollifying (3.7) w.r.t. (s,e), we see that v, ; is also a (viscosity) supersolution
of (3.8) at (¢,z) and hence a supersolution of the HJB equation (1.1) at (¢,z).
This is correct since v.; can be viewed as the limit of convex combinations of
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supersolutions ¥5(t — s,z — e) of the linear and hence concave equation (3.8), we
refer to the proof of Theorem 2.3 and to the Appendix in [1] for the details. We
conclude the proof of Lemma 3.4 by noting that since v ; is smooth, it is in fact a
classical supersolution of (1.1) at (¢, x).

This completes the proof of Theorem 3.1. (b) O

4. MONOTONE FINITE DIFFERENCE METHODS

In this section, we apply our main result to finite difference approximations
of (1.1) based on the ¥-method approximation in time and two different approx-
imations in space: One proposed by Kushner [12] which is monotone when a is
diagonally dominant and a (more) general approach based on directional second
derivatives proposed by Bonnans and Zidani [5], but see also Dong and Krylov [10].
For simplicity we take h = (At, Az) and consider the uniform grid

Gn = At{0,1,...,n7} x AzZN.

4.1. Discretization in space. To explain the methods we first write equation
(1.1) like

Uz + sup { — L% — c*(t,x)u — f"(t,x)} =0 in Qr,
acA

where
Le¢(t, x) = tr[a®(t, x)D2¢(t, x)] + b4(t, 2) Do (t, x).

To obtain a discretization in space we approximate L by a finite difference operator
Ly, which we will take to be of the form

(4.1) ho(tx) =) CR(t.z, B)(o(tx + fAT) — §(t, 2)),

BeS
for (t,z) € Gy, where the stencil S is a finite subset of Z" \ {0}, and where
(4.2) C(t,z,8) >0 forall B€S,(tx)€ G, h=(Az,At) > 0,a € A

The last assumption says that the difference approximation is of positive type. This
is a sufficient assumption for monotonicity in the stationary case.

(i) The approximation of Kushner.
We denote by {e;}¥, the standard basis in R and define

a+ a
aij

(4.3) @ :i [%A +y ( 5 At — a;f A;j) +07T 8 b?’éf]dn
i=1 i

where b = max{b,0}, b= = (=b)T (b=>b" —b"), and

1
Fw(z) = iﬂ{w(ﬂi +e;Ax) —w(w)},

(2

1
Ajw(z) = @{w(aj + e;Ax) — 2w(x) + w(x — e;Ax)},
1
2Ax2

- ﬁ{w(z +e,Az) +w(z — e;Ax) + w(z + ¢;Az) + w(zr — ejAx)},

A'ﬁw(x) =

)

{2w(z) + w(z + ¢;Ax + e;Az) + w(z — e;Ax — e;jAx)}
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1
2Ax2

1
+ IAL2 {w(z + e;Az) + w(z — e;Az) + w(z + e;Az) + w(z — e;Ax)}.

Az w(z) = {2w(z) + w(z + e;Ax — ejAx) + w(x — e;Ax + ejAx)}

The stencil is S = {*e;, £(e; £ €)1 4,5 =1,..., N}, and it is easy to see that the
coefficients in (4.1) are

al(x ad(x bt (2
C(t @, Eei) - 22(532) L |4”A(x2)| + ZA;EC )’
J#i
o aif(z)
Cy(t,z,e;h £ ejh) = oAz ¢ # 7,
o ajt(x)
Cy(t,z,—e;h £ejh) = IR +J.

The approximation is of positive type (4.2) if and only if @ is diagonally dominant,
i.e.
(4.4) a(t,x) — Z laz;(t,z)| >0 in Qr, ac€A, i=1,...,N.
i
(ii) The approximation of Bonnans and Zidani.

We assume that there is a (finite) stencil S c Z" \ {0} and a set of positive
coefficients {ag : 8 € S} C Ry such that

(4.5) a*(t,x) =Y af(t,x)p"B in Qr, acA

BeS

Under assumption (4.5) we may rewrite the operator L using second order direc-
tional derivatives D3 = tr[36" D] = (8- D)?,

Lo(t,x) = > a§(t, x)D3o(t, x) + b (t, x) De(t, v).
BeS

The approximation of Bonnans and Zidani is given by
N

(4.6) ho = asdge+ Y [btar —bemar o,

BeS i=1

where Ag is an approximation of D% given by

Agw(x) (x + BAZ) — 2w(z) + w(z — BAZ)}.

~1ppA2 Y

In this case, the stencil is S = +S U {#e; : i = 1,..., N} and the coefficients
corresponding to (4.1) are given by

at
C’ﬁ‘(t,x,iei):%, i=1,...,N,
- ag(t, ) _
h(tal’,iﬂ)zw7 Bes,

and the sum of the two whenever § = e;. Under assumption (4.5), which is more
general than (4.4) (see below), this approximation is always of positive type.
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For both approximations there is a constant C' > 0, independent of Az, such
that, for every ¢ € C*(RY) and (¢,7) € G},

47)  [L%(t,x) = Lio(t,2)| < C(1b"|o| D*dloAz + a®[o| D dloAa?).

4.2. The fully discrete scheme. To obtain a fully discrete scheme, we apply the
Y-method, ¥ € [0, 1], to discretize the time derivative. The result is the following
scheme,

(4.8) u(t,z) = u(t — At, x)
— (1 =9)At sup{—Lju — c*u — f}(t — At,x)
acA
— 9At sup{—Lyu — c®u— f*}(t,x) in G;.
acA

The case ¥ = 0 and ¥ = 1 correspond to the forward and backward Euler time-
discretizations respectively, while for ¥ = 1/2 the scheme is a generalization of the
second order in time Crank-Nicholson scheme. Note that the scheme is implicit
except for the value ¥ = 0. We may write (4.8) in the form (1.3) by setting

S(h,t,z,r [u)te) = 21613 { [é —9c* + 9 Z C’ﬁ‘(t,x,ﬂ)}r

BeS
_ [é + (1 =)™ — (1 —9) Z Cﬁ(t,x,ﬂ)} [u]¢.(—At,0)
peS
= 7GRt B) Dl (0, ) + (1= D)l (~At, fAT)| ],
BeS

where [u];5(s,y) = u(t + s,z + y). Under assumption (4.2) the scheme (4.8) is
monotone (i.e. satisfies (S1) or (S17)) provided the following CFL conditions hold

(4.9) At (1 —19)(—&(1:,9;) + Zc;;(t,x,m) <1,
BeS

(4.10) Atﬂ(ca(t,m) -y C;;(t,x,ﬁ)) <1
BeS

Furthermore, in view of (A1) and (4.7), Taylor expansion in (4.8) yields the follow-
ing consistency result for smooth functions ¢ and (¢, z) € g,j

|¢t + F(t,l‘, ¢7 D¢7D2¢) - S(hvta‘ra d)) [gb]t,.x)‘
< C(At|¢ielo + Az|D?¢lo + Az?|D*lo + (1 — 9)A(|Dylo + | D*dilo))-

The (1 — 9)At-term is a non-standard term coming from the fact that we need the
equation and the scheme to be satisfied in the same point, see assumption (S3).
The necessity of this assumption follows from the proof of Theorem 3.1.

We have seen that if (4.2) and (4.7) hold along with the CFL conditions (4.9)
and (4.10) then the scheme (4.8) satisfies assumptions (S1) — (S3) in Section 3.
Theorem 3.1 therefore yields the following error bound:

Theorem 4.1. Assume (A1), (A2), (4.2), (4.7), (4.9), (4.10) hold. If uj, € Cyp(Gp)
is the solution of (4.8) and w is the solution of (1.1), then there is C' > 0 such that
in Gy

—e"|(ug — uo.p) "o — ClAIF < u—up < e|(ug — uo.n)*|o + C|h|2,
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where |h| := vV Ax? + At.

Remark 4.1. Except when 9 = 1, the CFL condition (4.9) essentially implies that
At < CAz?. Therefore At and Ax? play essentially the same role. Also note that
the CFL condition (4.10) is satisfied if e.g. At < (sup,, |(¢®)T o)7L

Remark 4.2. Even though the above consistency relationship is not quite the “stan-
dard” one, it gives the correct asymptotic behavior of our scheme. First of all note
that the new term, the (1 — ©)-term, behaves just like the At and Az? terms. To
see this, we note that according to (S3) we only need the above relation when ¢ is
replaced by ¢. defined in (S3). But for ¢. we have |¢ 1|0 = |D*¢:|o = |D?*¢et]o ~
Ke3. By the CFL conditions (4.9) and (4.10) we have essentially that Az? ~ At,
SO
At|¢a,tt|0 ~ ALIT2|D4¢€‘0 ~ At‘D2¢s7t|O ~ KAz?e 3.

Next note that for & = 1/2 (the Crank-Nicholson case) the scheme is formally
second order in time. However this is no longer the case for the monotone version. It
is only first order in time due to the CFL condition which implies that Az?||D*¢|| =
CAt| D).

Proof. In this case
El(f(, h,é‘) = EQ(K,}L,E)
=C(Ate™ 3 + Aze ™t + Az 3 + (1 - 9)At(e 2 +e73)).

So we have to minimize w.r.t. € the following functions

£+ C(Ate™ 4+ Axe™ + Ax?e™3),

e3P 4 O(Ate™® + Aze™t 4 Az?e73).

By minimizing separately in At and Az, one finds that ¢ has to be like At'/# and
Az'/? in the first case, and that €!/3 has to be like At'/1% and Az'/5 in the second
case. The result now follows by taking ¢ = max(At*/4, Az'/?) in the first case and
/3 = max(AtY/10, Az'/%) in the second case. O

4.3. Remarks. For approximations of nonlinear equations monotonicity is a key
property since it ensures (along with consistency) that the approximate solutions
converge to the correct generalized solution of the problem (the viscosity solution
in our case). This is not the case for non-monotone methods, at least not in any
generality.

However, the monotonicity requirement poses certain problems. Monotone schemes
are low order schemes, and maybe more importantly, it is not always possible to
find consistent monotone approximations for a given problem. To see the last point
we note that in general the second derivative coefficient matrix a is only positive
semidefinite, while the monotone schemes of Kushner and Bonnans/Zidani require
the stronger assumptions (4.4) and (4.5) respectively. In fact, in Dong and Krylov
[10] it was proved that if an operator L admits an approximation L; of the form
(4.1) which is of positive type, then a has to satisfy (4.5) (at least if a is bounded).

This is a problem in real applications, e.g. in finance, and this problem was the
motivation behind the approximation of Bonnans and Zidani. First of all we note
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that their condition (4.5) is more general than (4.4) because any symmetric N x N
matrix a can be decomposed as

+ —
a;;
G—E Y (aii — laijl)eie] + -2 5 (€z+€y)(€i+€j)T+7j(€i—ej)(ei—ej)Ta
i=1 j#i

where the coefficients are nonnegative if and only if a is diagonally dominant. More
importantly, it turns out that any symmetric positive semidefinite matrix can be
approximated by a sequence of matrices satisfying (4.5). In Bonnans, Ottenwaelter,
and Zidani [4], this was proved in the case of symmetric 2 x 2 matrices along with
an explicit error bound and an algorithm for computing the approximate matrices.
Because of continuous dependence results for the equations, convergence of the
coefficients immediately imply convergence of the solutions of the corresponding
equations. Hence the Bonnans/Zidani approximation yields a way of approximating
general problems where a is only positive semidefinite.

5. SEMIGROUP APPROXIMATIONS AND SPLITTING METHODS

In this section, we consider various approximations of semigroups obtained by
a semi-discretization in time. In order to simplify the presentation we start by
specializing Theorem 3.1 to the semigroup setting. To be precise we consider one-
step in time approximations of (1.1) given by

(5.1) up (tn, ) = Sp(tn, tn—1)up(tn-1, ) in RN,

up(0,z) = upo(z) in RN,
where tg = 0 < t; < -+ <t < -+ < tpy, =T, h := max,(tp+1 — tn), and
the approximation semigroup S}, satisfies the following sub and superconsistency

requirements: There exist a constant K., a subset I of Nx N” and constants Y8, 08
for B € I such that for any smooth functions ¢,

(5:2) [t ) =1 0ltn 1,2 — (b, .0, Do, D*6)1c,

< K.Y 10D glg” A,
gel

where 3 = (89,3') € I for f € N and ' € NV, and in a similar way

(53) |:Sh(tnﬂt7l 1) 1:| ¢(tn_1,$) - F(t,l’,(b, D¢7 DQQS)t:t

—Ke Y10 D7 gl Ar,
psel

At
>

with corresponding data K., I, 85 55. We say that the semigroup is monotone if
¢§¢ = Sh(tnatnfl)d)gSh(tnatnfl)qpa n= 1,...,77/]‘,

for all continuous bounded functions ¢, for which Sy, (¢t)¢ and Sp(t)v are well
defined.
We have the following corollary to Theorem 3.1.



20 BARLES AND JAKOBSEN

Proposition 5.1. Assume (A1), (A2), and that Sy, is a monotone semigroup sat-
isfying (5.2) and (5.3) and which is defined on a subset of Cp(RYN). If u is the
solution of (1.1) and up, is the solution of (5.1), then
—C(Jug — unolo + ALY < u—up < Cllug — upplo + AtTN2)
in RN where
71 1= min { i }
L per 3260 + 18- Dys + 1)

. ds }
ro 1= min — ;
27 el { (200 + 18] = 1)7s + 1
where |3’ denotes the sum of the components of (3.

Proof. We define

1
S(hatnaxauha [uh]tn,m) = Kt(uh(tnax) - [Uh}t,,,,r)a

where
[uh}tn,x = Sh(tn—lv tn)uh (tn—ly 17)

To apply Theorem 3.1, we just have to check that (S1) — (S3) hold and this is clear
for (S1) and (S2) (see Remark 3.1). For (S3)(i), note that by (5.2) we have

(bt + F(t,,“l', (bv D¢7 D2¢) - S(hvtwnx? ¢7 [d)]tnyﬂ?)

1 /
< SlO7eloAt + K. Y 10D ¢lg" At
pBel
which leads to

1 _ ,
Ey(K,h,e) = 51{51*4& + Koy (Ke' 2P 10lys Ads.
pel

The upper bound now follows by optimizing with respect to € as in the proof of
Theorem 4.1. In a similar way we may use (5.3) to define Ep and then conclude
the lower bound. ]

Remark 5.1. In view of the consistency requirements (5.2) and (5.3), for schemes
like (5.1) it is natural to think that only the xz-variable is really playing a role and
that one can get results on the rate of convergence by using this special “semi-
group type” structure. More specifically, one might think that a different proof
using a mollification of the solution with respect to the space variable only, can
produce the estimates in an easier and maybe better way. We tried this strategy
but we could not avoid using the short time expansion of the solution of the HJB
Equation associated with smooth initial data (the short time expansion of the semi-
group), and this leads to worse rates, even in cases where F' is smooth. One way of
understanding this — without justifying it completely — consists of looking at our
estimates for the ¢ -term (cf. (S3)(i) and (ii)). The present approach leads to an
estimate of order ¢~3, while if we use the short time expansion, we are lead to a
worse estimate of order e~*. We refer the reader to Subsection 5.1 and in particular
to Lemma 5.6 below, where short time expansions for semi-groups are obtained and
used to study the rate of convergence for splitting problems.
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5.1. Semidiscrete splitting. We consider an equation of the form
(5.4) ug + Fy(D*u) + Fo(D*u) =0 in Qr,

where
Fy(X) = sup{-trla?X] - f2}, j =12,
acA
and a? > (0 are matrices and f;" real numbers. We assume that they are both
uniformly bounded in « and are independent of (¢,z). It follows that Fy and Fh
are Lipschitz continuous and that (A1) is satisfied.

Let S denote the semigroup of (5.4), i.e. S(At)¢ is the solution at time ¢ = At of
(5.4) with initial value ¢. Similarly, let S; and Se denote the semigroups associated
with the equations u; + Fy(D?*u) = 0 and u; + Fy(D?u) = 0.

We can define a semidiscrete splitting method by taking (5.1) with ¢, := nAt
and

(5.5) Sp(tn_1,tn) = S1(At)Ss(Ab).

Under the current assumptions all these semigroups map W1 (R¥Y) into itself,
they are monotone, and they satisfy the following comparison principle,

S(t)g1 — S(t)pa < |(¢1 — ¢2) o,
for ¢1, po € WH(RY) and where S denotes one of the semigroups above.

As soon as we know the consistency relation for this scheme, we can find an error
bound using Theorem 5.1. However, contrarily to the case of finite different schemes
in the previous section, here the precise form of the consistency requirement is not
well known. We are going to provide such results under different assumptions on
Fy, F5. Our first result is the following:

Lemma 5.2. Under the above assumptions, if in addition |DFy| € W1>°(SN) and
|DFy| € W3°°(SN), then

— C(At|D?¢y|o + At D34|3) — h.o.t.

1
< 1750 (®) = Uo(tn1,7) + FL(D*G(tn, ) + Fo(D*$(tn, 7))
< C(AtD?*¢ilo + At|D3¢[2) + h.o.t.
for all smooth functions ¢, where “h.o.t.” stands for “higher order terms”.

Remark 5.2. The upper and lower bounds are different due to convexity of the
equation.

Remark 5.3. To simplify the presentation we have only stated the principal error
terms in Lemma 5.2 — i.e. the terms determining the rate in Corollary 5.3 below.
To see which terms are principal, one must look also at the proof of Corollary 5.3.
The “h.o.t.” category contains the terms that are not principal, both high and low
order terms, and maybe a better name would be the “less important terms”.

A direct consequence of Proposition 5.1 is the following result:

Corollary 5.3. Let uj, denote the solution of (5.1) where Sy is defined in (5.5)
and up 0 = uo, and let u be the solution of (5.4) with initial value ug. Under the
assumptions of Lemma 5.2 we have

—CAtT <u—uy < CALS in At{0,1,2,...,np} x RN,
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Next, we give the result when F; and F5 are assumed to be only Lipschitz
continuous (which is the natural regularity assumption here). In this case the
consistency relation is:

Lemma 5.4. Under the above assumptions, if F1 and Fy are only Lipschitz con-
tinuous, we have

é[Sh(f) — o(tn-1,2) + FL(D*¢(tn, ) + Fo(D*¢(tn, )

< CALD?¢y|o + CALZ|D3|o + h.o.t.
for all smooth functions ¢.

Again as a direct consequence of Proposition 5.1 we have the following error
bound:

Corollary 5.5. Under the assumptions of Corollary 5.3 but where F1 and Fs are
only assumed to be Lipschitz continuous, we have

—CAtTT <u—uy < CALS in At{0,1,2,...,np} x RN,

Remark 5.4. We see a slight reduction of the rates in the Lipschitz case but not as
important as one might have guessed. For first order equations these methods lead
to the same rates in the smooth and Lipschitz cases.

Remark 5.5. If we change operators Si,.S2 so that S1(t)¢ and Sa(t)¢ denote the
viscosity solutions of

u() = 6(x) — tFy(D?u(z)) i RV,
u(z) = ¢(x) — tFy(D?*u(z)) in RV,
respectively, then the statements of Corollary 5.3 and 5.5 still hold.
In the proofs of Lemmas 5.2 and 5.4 we will use the following lemma:
Lemma 5.6. Let S be the semigroup associated to the equation
uy + F(D?u) = 0,
where F is Lipschitz, convex, and non-increasing. Define Fs by
Fs = F  ps,
where ps(X) = 6~N°p(X/8) and p is a smooth function on S(N) with mass one
and support in B(0,1). Then for any smooth function ¢,
5(8)6 — 6+ tE5(D*6) < 18| DFlo + S| DElo| DEslo| D'l
and
5(1)6 — 6+ tEs(D%0) > — 57| DFIo(|1D Fylo | D°6f3 + | DFslol D*6l).
The proof of this result will be given after the proofs of Lemmas 5.2 and 5.4.

Proofs of Lemmas 5.2 and 5.4

In order to treat the two results at the same time, we mollify F; and F» and
consider Fy 5 and F; 5 (see Lemma 5.6 for the definitions). By Lemma 5.6 we have
the following (small time) expansions:

1
(5.6) Si(t)p — ¢ + tF; s(D*¢) < t6| DFjlo + §t2|DFj|0\DFj,6|0|D4¢\o,
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(5.7) S;(t)p — ¢+ tF; (D)
1
> —§t2\DFj|0(|D2Fj,6|O|D3¢|(2> +|DF;slo|D*¢lo),

for smooth functions ¢ and j =1, 2.
Now we want to find an (small time) expansion for S;,. We write

Sn(t)p — ¢ + t(F1 + Fa)(D?¢)

= [S1(t)S2(t)p — S1(t) (¢ — tF26(D?¢))]
+ [S1(t) (¢ — tFo5(D?)) — (¢ — tFa5(D?¢)) + tF15(D* (¢ — tFa5(D*9)))]
+t[F1,5(D%¢) — F1 5(D*(¢ — tFs 5(D%¢)))]
+t[(Fy + F2)(D?*¢) — (Fus + Fa5)(D%9)].

In view of the Lipschitz regularity and convexity of F} and F3, the last term on
right hand side is between —Ctd (Lipschitz regularity) and 0 (convexity), while the
other terms can be estimated using the comparison principle for S, small time
expansions for S7 and Sy, and Lipschitz regularity of F; and F,. Consider the
second term on the right hand side. By (5.6) and (5.7),

1
t5|DF1o + §t2|DF1|0|DF175|0|D4{¢ —tF3(D*¢)}o
is an upper bound on the this term, while
1t?\DF| D?Fy s5|o|D3{¢p — tF5 5(D?¢)}|2 + | DFy s|o| D*{p — tF5 5(D?
5 o |[D7F1slo|D*{¢ — tF26(D*$)}g + [DF1,5l0| D™ {¢ — tF2,5(D"¢) Ho

is a lower bound. Expanding out these expressions keeping only the “worst terms”
and bearing in mind the Lipschitz regularity of F} and Fj, lead to the following
upper and lower bounds respectively,

C(ts + t*|D*¢lo + t3| D Fa 5[0| D*¢lg)  and
CIDFyslo(£ID%6 1 + #1D*Fy 52 D6 ).
One can check that the “worst terms” coming from the first and third term above
are either of the same type or better than these.
To conclude the proofs of the upper bounds in Lemmas 5.2 and 5.4, we note that
1
At
< AH(|DFio + |DFa|o)| D? o +

[Sh(t) - 1]¢(tn—1ax) + Fl(DQQZ)(tnax)) + F2(D2¢(tn; ))
1
At

In view of the above estimates the right hand side can be upper bounded by terms
that are no worse than

(5.8) C|AUD gl + 8+ AlUD 6y + A Dy slol D]

[Sh(t) = 116+ Fy(D20) + F3(D%9)]

(tn—1,@)

This proves the upper bound in Lemma 5.2 after sending § — 0 while keeping in
mind that in this case,

|ID"F2|o < |D"Fylg < 0o and |D™F}|y < |D™Fio < oo

for n = 1,...,4 and m = 1,2. The upper bound in Lemma 5.4 follows from
minimizing (5.8) w.r.t. § since in this case |[D"Fj|o < C6'~%, n €N, j =1,2.
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The upper bounds follow in a similar way. We conclude the proof simply by
giving the expression corresponding to (5.8),

C|AUDGulo + 8 + D2 Fislo (AD*0I? + A |D*Fy | D65 . O

Proof of Lemma 5.6. Let
w = ¢ —tF5(D*¢),

and observe that
(5.9) w; + F(D*w) = —F5(D*¢) + F(D?¢) — F(D?*¢) + F(D*w).
Since F is convex, it is easy to see that F5(X) > F(X), and hence
(5.10) —|DF|o6 < —F5(D%*$) + F(D?*¢) <0
The second difference, —F(D?¢) + F(D?w), can be written

/1 {F(sD*w + (1 — s)D?*¢)}ds
0

= Z@iaj(w - QS)/ (GXUF)(SDQUJ + (1 — 5)D?*¢)ds

(5.11) = —tZ@ 0;{Fs(D }/ (0x,,F)(sD*w + (1 — s)D*¢)ds.

We expand 0;0;{F5(D?¢)} and get
> (0x,,0x,, F5)(D?6)(0:050,) (0000 )

klmn

+ > (0x,, F5)(D?¢)(0,0,00016).
kl

We call the first term M[¢];;.
Since 0x,,0x,,. Fs = 0x GXMF(;, it follows that M is symmetric,

M|¢li; = M[¢]ji.

Moreover, since F' is convex, M is positive semidefinite: For every ¢ € RV
Z M[¢]i;&i&;

= Z(anlaanFé D ¢ akal Zfz zd) 6ma Z§] j(b

klmn

= (0x,,0x,,, F5) (D*¢)Yia Yo > 0,

klmn

where Y;; = 0;0;(3", £&xOr¢) and where the inequality follows by convexity of F'.
By the spectral theorem there exists e € RY and A\, € R for k = 1,...,N

(depending on ¢) such that
= Z ek @ e”.
k
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Furthermore, since M is positive semidefinite, A; > 0 for ¢ = 1,..., N. Therefore
we have

S Mol [ (0, F)aD*uw+ (1= )D*)ds

1
= Z)\k/ Zefe?(@xuﬁ')(sDzw + (1 —s)D?¢)ds < 0,
k 0 iy

where the inequality follows from the fact that F is non-increasing. We conclude
that

F(D*w) — F(D*$) > —t|DF|o|DFs|o|D*¢lo,
and hence by (5.9) — (5.11) we get
w; + F(D?*w) > —|DF|o8 — t|DF|o| DEs|o| D*)o.

The first part of the Lemma now follows from the comparison principle.

The second part of the Lemma follows from (5.9) — (5.11) and the comparison
principle after noting that this time, due the its sign, the D?Fj; term will be part
of the error expression. O

5.2. Piecewise constant controls. Here we study approximations by piecewise
constant controls. Such approximations have been studied e.g. in [24, 21] (see also
the references therein). We consider the following simplified version of equation

(1.1),
(5.12) ug + m?x{—Liu —f(2)}=0 in Qr,
where

Ligp = tr[ai(a:)aiT(x)DQQZ)] +b'(2)Do + ¢ (),

and o,b,c and f satisfy assumption (A1) when « is replaced by i. Note that the
coefficients are independent of time. We approximate (5.12) in the following way,

(5.13) u" 1 (z) = min S; (At)u" () in {0,1,...,n7} x RY,

where S;(t)¢(z) denotes the solution at (¢, z) of the linear equation
(5.14) ug — L'u — fi(z) =0

with initial data ¢ at time ¢ = 0. As usual, u™ is expected to be an approximation
of u(tn,x), t, := nAt, and we are looking for a bound on the approximation error.

Under assumption (A1) the comparison principle holds for the linear equations
(5.14), hence S; and min; S; are monotone. Furthermore, we have the following
consistency relation:

Lemma 5.7. If (A1) holds, then for any smooth function ¢ we have

é[miin Si(A1) — 16(t1,2) + Atmax{ L6t 2) — ()}

n=0

4 2
< CAt|D?¢y|o + CAL <Z |D"¢lo + 1) + CAt/? (Z |D"¢|o + 1) .
n=0

We have the following error bound:
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Proposition 5.8. Assume (A1). Let u, denote the solution of (5.1) corresponding
to
Sh(tn—la tn) = m_in Sz(At)

and up,0 = ug, and let u be the solution of (5.12) with initial value ug. Then
—CAt <u—u, <0 in At{0,1,2,....np} x RN,

Proof. We first observe that up > u in Q7. This can be easily seen from the control
interpretation of uy (which we have not provided!) or from the comparison principle
since uy, is a supersolution of (5.12) (solutions of (5.14) are supersolutions of (5.12)
and so is the min of such solutions). The other bound follows from Lemma 5.7 and
Proposition 5.1. (]

Remark 5.6. Assuming more regularity on the coefficients does not lead to any
improvement of the bound. The principal contribution to the error comes from the
|D*@|o-term, and this term does not depend on the regularity of the coefficients
(only on the L® norm of o).

Remark 5.7. In [21] Krylov obtains a better rate, namely 1/6. His approach is
different for ours, he works on the dynamic programming principle directly using
control techniques.

Proof of Lemma 5.7. Let o4 = o' x ps, and define similarly b5, c, and f{, and let
L be the operator L* corresponding to o, b§, c5. Observe that

[min S,()6 — ¢ + tmax{ ~ Lo — fi(@))]
— [ min(S,(t)6 — ) — tmin{Lio + Fi(x)}
< max [S,(1) — 6+ +(~ Lo — fi(@)].
Next, define
W = 6~ t(~ Lo — file) & SO Lo — L ilo £ 11(L — L6 — (f — ).

and observe that w™ is a supersolution of (5.14) while w™ is a subsolution. By the
comparison principle and properties of mollifiers we get

Si(t)¢ — &+ t(—Lso — fi(@))]

A
N =

2

t*|L'Ls¢ — L' f§lo + t6C (Z |D™|o + 1) )

n=0
Furthermore, by properties of mollifiers and the Lipschitz regularity of the coeffi-
cients we see that

4 2
|L'Lsé + Lifilo < C (Z |D"¢lo + 671 Z ID"@lo + 671 + 1) .
n=0 n=0

By combining the above estimates we get
| min S;(t)¢ — ¢ + t max{—L'¢ — f'(z)}|

4 2 2
<cr (Z [D"glo+871 Y |D"lo+07 + 1) + 160 (Z D" ¢lo + 1) !
n=0 n=0

n=0
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and the result follows by similar arguments as was given in the proofs of Lemmas
5.2 and 5.4 after optimizing w.r.t. J. O

6. REMARKS ON THE HOLDER CONTINUOUS CASE

In this section we give an extension of the main result Theorem 3.1 to the case
when solutions of (1.1) do no longer belong to the space C%! but rather belong to
the bigger space C? for some 3 € (0,1).

In the time-dependent case CP regularity of the solution is observed typically
when assumption (Al) is relaxed in the following way:

(A1) For any a € A, a® = %JQUQT for some N x P matrix ®. Moreover, there

is a constant K independent of o such that
ol + 0% + 0% + | + [/]s < K.
In other words ug, ¢, f* now belongs to CP.

Lemma 6.1. If (A1’) holds, then there exists a unique solution u € C*P(Qr) of
(1.1) and (1.2).

This standard result is proved e.g. in [18]. We claim that under (A1’), we have
the same regularity (the same f3) for all equations considered in this paper. We
skip the proof of this claim. In the rest of this section, the solutions of the different
equations belong to C%%(Qr) with the same fixed 8 € (0, 1].

Lower than C%! regularity of solutions implies lower convergence rates than
obtained in Sections 2 — 5. We will now state the Holder versions of some these
results without proofs. The proofs are not much different from the proofs given
above, and moreover, the Holder case was extensively studied in [1]. We start by
the convergence rate for the switching system approximation of Section 2.

Proposition 6.2. Assume (A1’). If u and v are the solutions of (2.2) and (2.1)
in C*P(Qr), then for k small enough,

0<v—a<Ck™ in Qp, i€,
where C' only depends on T and K from (A1°).

In order to state a C? version of Theorem 3.1 we need to modify assumption
(S3). The requirement on ¢, should be changed to
0% DY ¢ (x,t)] < KeP?~2P0=1Fl in Qp,  for any By € N, g € NV,
We will denote the modified assumption by (S3’). Now we state the C? version of

our main result, Theorem 3.1.

Theorem 6.3. Assume (A1’), (S1), (S2) and that (1.3) has a unique solution
up, € Cp(Gr). Let u denote the solution of (1.1)-(1.2), and let h be sufficiently
small.

(a) (Upper bound) If (53°)(i) holds, then there exists a constant C' depending
only p, K in (S1), (A1’) such that

u—up < e"|(up —uon)tlo + C’Ian>i]([)1 (sﬁ + El(f{,h,s)) in G,

where K = |ul,.
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(b) (Lower bound) If (S3°)(ii) and (A2) holds, then there exists a constant C
depending only p, K in (S1), (A1) such that

52 ~
u—up > —eM|(ug — Uo,n) Jo — CIEn>iIol <€2‘+5 + E2(K,h,€)> m Gy,

where K = |ul;.

Remark 6.1. For the FDMs described in Section 4 we get an upper rate of g and

a lower rate of @% in the C# case. Compare with Theorem 4.1.

APPENDIX A. WELL-POSEDNESS, REGULARITY, AND CONTINUOUS DEPENDENCE
FOR SWITCHING SYSTEMS

In this section we give well-posedness, regularity, and continuous dependence
results for solutions of a very general switching system that has as special cases the
scalar HJB equations (1.1), and the switching systems (2.1), (2.3), (3.3).

We consider the following system:

(A1) Fi(x,u, 0yu;, Duj, D*u;)) =0 in Qp, i€Z:={1,...,M},
with
Fi(taxaraptapahX) = mmnax {pt + sup Helf ‘c ('f,ri,px,X); Ty — Mir}7
acAB

LP(t2,5,q,X) = —tr[a” (t,2) X] - 0 (8, 2)q — P (t,2)s — f70 (¢, @),

where M is defined below (2.1), A, B are compact metric spaces, r is a vector
r=(r1,...,rm), and k > 0 is a constant (the switching cost). See [13, 7, 28, 16, 15]
for more information about such systems.

We make the following assumption:

T
(A) For any a, 3,i, a®” = =107 28508 for some N x P matrix 0. Furthermore,

there is a constant C' 1ndependent of i, «, 3,t, such that
o, )+ b5 (8 )+ 16 (8 )+ 17 () < C

We start by comparison, existence, uniqueness, and L* bounds on the solu-
tion and its gradient. Before stating the results, we define USC(Qr;RM) and
LSC(Qr;RM) to be the spaces of upper and lower semi-continuous functions from
Q7 into RM respectively.

Theorem A.1. Assume (A) holds.

(i) If u € USC(Qr;RM) is a subsolution of (A.1) bounded above and v €
LSC(Qr; RM) supersolution of (A.1) bounded below, then u < v in Qr.

(#i) There exists a unique bounded continuous solution u of (A.1).

(iii) The solution u of (A.1) belongs to C%*(Qr), and satisfies for allt,s € [0,T)

—t ,ﬁ|0
)

e max|uz( Vo < max\u0l|0—|—tsup |f

1,0,

where \ 1= sup; , 5 |c;’ B,

e max ui(t,))1 < maxfuo i+t sup {fufole” (s, ) + £ (s, ) },

i,0,(3,8
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where Mo = sup; o g 1657 (s,)|o + [o7 " (5,-)F + 67 (5, )11}, and
max |uz(t7$) - U,’(S,CE)| < O|t - 3‘1/27
i

where C < 8MC + VTC(2M + 1) and M := sup; 4 |ui(t, )1
Before giving the proof we state a key technical lemma.

Lemma A.2. Let u € USC(Q7;RM) be a bounded above subsolution of (A.1)
and @ € LSC(Qr;RM) be a bounded below supersolution of an other equation
(A.1) where the functions E?’ﬁ are replaced by functions E?”B satisfying the same
assumptions. Let ¢ : [0,T] x R*N — R be a smooth function bounded from below.
We denote by
@/}i(t,l’,y) = ui(tVT) - ﬂi(ta y) - ¢(ta ‘T7y) )

and M = sup;, ., Yi(t,x,y). If there exists a maximum point for M, ie. a
point (i',to, o, yo) such that Yy (to,xo,y0) = M, then there exists ig € I such
that (ig,to,xo,Yo) is also a mazimum point for M, and, in addition @;,(to,yo) <

Mioﬂ(t07 yO)'

Loosely speaking this lemma means that whenever we do doubling of variables
for systems of the type (A.1), we can ignore the u; — M;u parts of the equations
and we can proceed as if working with scalar equations. We skip the proof since it
is similar to the proof given in [2] for the stationary case.

Proof of Theorem A.1. Comparison, uniqueness, and existence is proved in [16] for
the stationary Dirichlet problem for (1.1) on a bounded domain under similar as-
sumptions on the data. To extend the comparison result to a time dependent
problem in an unbounded domain, we only need to modify the test function used
in [16] in the standard way. (See also the arguments given below). Comparison
implies uniqueness, and existence follows from Perron’s method. This last argu-
ment is similar to the argument given in [16], but easier since we have no boundary
conditions other than the initial condition.
0}7

Let
then the bound on |ulp follows from the comparison principle after checking that w
(—w) is a supersolution (subsolution) of (A.1).

To get the bound on the gradient of u, consider

w(t) = eAt{ max |uo,ilo +t sup Vs

i,a,8

m:= sup {ui(t,x) —u;i(t,y) — o)z —yl},
it,x,y€RN

where
w(0) = e mafuo s +¢ sup {fuilole? s, )1 + 177 (s f
i,,3,8
We are done if we can prove that m < 0. Assume this is not the case, m > 0, and
for simplicity that this maximum is attained in ¢,z,y. Then there exists a & > 0
such that B
ul(f’f)—ul(ﬂg)—ﬂ)(a‘f—y‘ 7£6A0tk>03 i€l

Let 9;(t,x,y) == u;(t,x) — u;(t,y) —w(t)|z —y| — te*o'k, then 1) also has maximum
M > 0 at some point (i,%,#, 7). Since M > 0, & # 7 and £ > 0. Therefore
w(t)|x —y| +te*tk is a smooth function at (Z,#,7) and a standard argument using
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the viscosity sub- and supersolution inequalities for (A.1) at (f,%,9) and Lemma
A.2 leads to k < 0. See the proof of Theorem A.3 for a similar argument. This is
a contradiction and hence m < 0.

In the general case when the maximum m need not be attained at some finite
point, we must modify the test function in the standard way. We skip the details.

To get the time regularity result, assume that s < ¢ and let u® be the solution
of (A1) in t € (s,T] starting from wu(s,-) * pc(z) =: u(z). By the comparison
principle

lu —u| < sup [u(r,)ie in [s,T] x RV,
rels,T)

and easy computations show that
wE(t,z) = e’\t{ug(x) +(t— S)CE}
are subsolution (w™) and supersolution (w™) of (A.1) if
C. = C?|D?ufo + C(|Duglo + uglo + 1)
and C is given by (A). Another application of the comparison principle then yields
wo <uf <wl in [5,T] x RY.
The result now follows from
|u(t, z) — u(s, z)|
< Jult, z) = u (¢, 2)| + |us (¢, 2) — ug(@)] + [ug(z) — uls, 2]
< ([u(t, )1 + [uls, )l)e + [t = s|Ce,
and a minimization in e after noting that C. < C'(e~! +1). (]

We proceed to obtain continuous dependence on the coefficients following the
approach of [18].

Theorem A.3. Let u and u be solutions of (A.1) with coefficients a,b,c, f and
a,b,c, f respectively. If both sets of coefficients satisfy (A1), and |ulo + |@lo +
[u(t, )1 + [a(t, )1 < M < oo fort e [0,T], then
e N max [u;(t, ) — w4 (t, -)]o < max |u;(0,-) — (0, )]
+ 2K sup |0 — o + ¢ sup {2M|b—E|O+M\c—E|o+ |f—f\o},
i,a,3 i,0,0
where \ := sup; , 5lc”|o and

K2 < 8M2 + 8MT sup {zM[aﬁ A [6)2
i,a,3

+ 2M B A By + Mleh v [y + T AL }-
Proof. We only indicate the proof in the case A\ = 0. Define
) 1
¢Z<t7x7y) = ’U,Z(t,l') - ai(tu y) - 5|(E - y‘Q - E(|‘II"|2 + |y|2)a

m = sup ’l[}l(t,i,y) - sup(1/)i(0,x,y))+,

m:= sup {W(t,x,y) - m} )

3,t,2,y T
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where ¢ € (0,1). We assume m > 0 since otherwise we are done. We will now
derive an upper bound on m. To do this we consider m. By the assumptions
this supremum is attained at some point (ig,to, Zo,y0). Since m > 0 it follows
that m > 0 and ¢y > 0, and by Lemma A.2, the index iy may be chosen so that
Ui (to, yYo) < My, u(to,yo). With this in mind, the maximum principle for semi
continuous functions [8] and the definition of viscosity solutions imply the following
inequality:

Dt _ﬁt + Supirﬁlfﬁifﬁ(t(}umOyuioapahX) - Supi%fﬁ_?oyﬁ(t(%y07aioﬂpy7y) S 07
« «

where (pt, pe, X) € 52’+ui0 (x0) and (Py,py,Y) € 52’7121-0 (yo) (see [8] for the nota-

tion). Furthermore p; — p; = %5, pr = %(xo — o) + 2ex0, py = %(xo —y0) — 2ey0,

and
X 0 2(1 —I I 0
(0 Y)S(S(—I I>—|—25<0 I>+(’)(/-e),

for some k > 0. In the end we will fix o, §, and ¢ and send k¥ — 0, so we simply
ignore the O(k)-term in the following. The first inequality implies

om _
T < su%{ — trla(to, yo)Y| + trla(to, z0) X] + b(to, yo)p> — b(to, zo)py

+ &lto,y0)lto, o) — elto, wo)ulto, x0) + F(to. o) + f(to,w0) },
Note that Lipschitz regularity of the solutions and a standard argument yields
‘1:0 - y0| S oM.

So using Ishii’s trick on the 2nd order terms [14, pp. 33,34], and a few other
manipulations, we get

om 2 _
— < sup {*|U(t07$0) — (o, yo)|* + 2M|b(to, xo) — b(to, yo)|
T ~iaplo

+ Ce(1+ [wol* + [y0l*)
+ Mle(to,0) = &lto, o) | + | (t0,z0) = f(to.y0)| }-

Some more work leads to an estimate for m depending on T, ¢, §, and ¢, and using
the definition of m and estimates on sup; , , ¥;(0,x,y), we obtain a similar upper
bound for u — @. We finish the proof of the upper bound on w — @ by sending
o — 1, minimizing this expression w.r.t. §, sending ¢ — 0, and noting that the
result still holds if we replace T by any ¢ € [0,T]. The lower bound follows in a
similar fashion. (Il

REFERENCES

[1] G. Barles and E. R. Jakobsen. On the convergence rate of approximation schemes for
Hamilton-Jacobi-Bellman equations. M2AN Math. Model. Numer. Anal. 36(1):33-54, 2002.

[2] G. Barles and E. R. Jakobsen. Error bounds for monotone approximation schemes for
Hamilton-Jacobi-Bellman equations. STAM J. Numer. Anal. 43(2):540-558, 2005.

[3] G. Barles and P. E. Souganidis. Convergence of approximation schemes for fully nonlinear
second order equations. Asymptotic Anal. 4(3):271-283, 1991.

[4] F. Bonnans, E. Ottenwaelter, and H. Zidani. A fast algorithm for the two dimensional HJB
equation of stochastic control. M2AN Math. Model. Numer. Anal. 38(4):723-735, 2004.

[5] F. Bonnans and H. Zidani. Consistency of generalized finite difference schemes for the sto-
chastic HIB equation. STAM J. Numer. Anal. 41(3):1008-1021, 2003.



32

(6]
(7]
(8]
[9]
[10]

(11]

(12]
(13]
14]
(15]
[16]

(17)

18]
(19]
20]
21]
22]

23]
[24]

[25]
[26]
27)

(28]

BARLES AND JAKOBSEN

F. Camilli and M. Falcone. An approximation scheme for the optimal control of diffusion
processes. RAIRO Modél. Math. Anal. Numér. 29(1): 97-122, 1995.

I. Capuzzo-Dolcetta and L. C. Evans. Optimal switching for ordinary differential equations.
SIAM J. Control Optim. 22(1):143-161, 1984.

M. G. Crandall, H. Ishii, and P.-L. Lions. User’s guide to viscosity solutions of second order
partial differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1-67, 1992.

M. G. Crandall and P.-L. Lions. Two approximations of solutions of Hamilton-Jacobi equa-
tions. Math. Comp. 43(167):1-19, 1984.

H. Dong and N. V. Krylov. On the rate of convergence of finte-difference approximations for
Bellman equations with constant coefficients. St. Petersburg Math. J. 17(2): 295-313, 2006.
H. Dong and N. V. Krylov. On the Rate of Convergence of Finite-difference Approximations
for Parabolic Equations with C! and C? Coeffcients. Electron. J. Differential Equations
2005(102): 1-25, 2005.

H. J. Kushner and P. Dupuis. Numerical methods for for stochastic control problems in
continuous time. Springer-Verlag, New York, 2001.

L. C. Evans and A. Friedman. Optimal stochastic switching and the Dirichlet problem for
the Bellman equation. Trans. Amer. Math. Soc. 253:365-389, 1979.

H. Ishii. On uniqueness and existence of viscosity solutions of fully nonlinear second-order
elliptic PDEs. Comm. Pure Appl. Math., 42(1):15-45, 1989.

H. Ishii and S. Koike. Viscosity solutions for monotone systems of second-order elliptic PDEs.
Comm. Partial Differential Equations 16(6-7):1095-1128, 1991.

H. Ishii and S. Koike. Viscosity solutions of a system of nonlinear second-order elliptic PDEs
arising in switching games. Funkcial. Ekvac., 34:143-155, 1991.

E. R. Jakobsen. On the rate of convergence of approximation schemes for Bellman equations
associated with optimal stopping time problems. Math. Models Methods Appl. Sci. (M3AS)
13(5):613-644, 2003.

E. R. Jakobsen and K. H. Karlsen. Continuous dependence estimates for viscosity solutions of
fully nonlinear degenerate parabolic equations. J. Differential Equations 183:497-525, 2002.
N. V. Krylov. On the rate of convergence of finite-difference approximations for Bellman’s
equations. St. Petersburg Math. J., 9(3):639-650, 1997.

N. V. Krylov. On the rate of convergence of finite-difference approximations for Bellman’s
equations with variable coefficients. Probab. Theory Ralat. Fields, 117:1-16, 2000.

N. V. Krylov. Approximating value functions for controlled degenerate diffusion processes by
using piece-wise constant policies. Electron. J. Probab. 4(2), 1999.

N. V. Krylov. On the rate of convergence of finite-difference approximations for Bellman
equations with Lipschitz coefficients. Appl. Math. Optim. 52(2): 365-399, 2005.

P.-L. Lions. Personal communication.

P.-L. Lions and B. Mercier. Approximation numérique des équations de Hamilton-Jacobi-
Bellman. RAIRO Anal. Numér. 14(4):369-393, 1980.

C.-W. Shu Total-variation-diminishing time discretizations. SIAM J. Sci. Statist. Comput.
9(6):1073-1084, 1988.

P. E. Souganidis. Approximation schemes for viscosity solutions of Hamilton-Jacobi equations.
J. Differential Equations 59(1):1-43, 1985.

A. Tourin. Splitting methods for Hamilton-Jacobi equations. Numer. Methods Partial Dif-
ferential Equations, 22(2): 381-396, 2006.

N. Yamada. Viscosity solutions for a system of elliptic inequalities with bilateral obstacles.
Fuckcial. Ekvac. 30(2-3):417-425, 1987.

(Guy Barles) LABORATOIRE DE MATHEMATIQUES ET PHYSIQUE THEORIQUE, UNIVERSITY OF

Tours, 37200 TOURS, FRANCE

Sci

E-mail address: barles@lmpt.univ-tours.fr

(Espen R. Jakobsen) DEPARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF
ENCE AND TECHNOLOGY, 7491 TRONDHEIM, NORWAY
E-mail address: erj@math.ntnu.no



