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ABSTRACT. We propose and study discontinuous Galerkin methods for strongly
degenerate convection-diffusion equations perturbed by a fractional diffusion
(Lévy) operator. We prove various stability estimates along with convergence
results toward properly defined (entropy) solutions of linear and nonlinear
equations. Finally, the qualitative behavior of solutions of such equations are
illustrated through numerical experiments.

1. INTRODUCTION

We consider degenerate convection-diffusion equations perturbed by a fractional
diffusion (Lévy) operator; more precisely, problems of the form

up + f(u)e = (a(u)ug)s + L[] (z,t) € Qr =R x (0,7),

(1.1) u(z,0) = up(x) z €R,

where f,a: R — R (¢ > 0 and bounded) are Lipschitz continuous functions, b > 0
is a constant, and £ is a nonlocal operator whose singular integral representation
reads (cf. [27,/12])

Llu(x,t)] = c,\/

|z|>0

u(x + 2,t) — u(x,t)
EER

dz, A€ (0,1) and ¢y > 0.

For sake of simplicity, we assume f(0) = 0. The initial datum ug : R — R is
chosen in different spaces (cf. Theorems and [5.8) depending on whether
the equations are linear or nonlinear.

The operator £ is known as the fractional Laplacian (a nonlocal generalization
of the Laplace operator) and can also be defined in terms of its Fourier transform:

(1.2) Llu(-,1)](€) = —[€[*a(&, 1)
As pointed out in [2] 12| 27], u(-,t) has to be rather smooth with suitable growth
at infinity for the quantity L[u] to be pointwise well defined. However, smooth
solutions of (1.I) do not exist in general (shocks may develop), and weak entropy
solutions have to be considered, cf. Definition [5.1] and Lemma [A.1] below.
Nonlocal equations like (1.1) appear in different areas of research. For instance,
in mathematical finance, option pricing models based on jump processes (cf. [8])
give rise to linear partial differential equations with nonlocal terms. Nonlinear
equations appear in dislocation dynamics, hydrodynamics and molecular biology
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[13]; applications to semiconductors devices and explosives can also be found [29].
For more information about the possible applications of such equations we refer the
reader to the detailed discussions in [2], [3], and [11].

Equation (1.I) consists of three different terms: nonlinear convection f(u),,
nonlinear diffusion (a(u)uy),, and fractional diffusion L[u]. It is expected that the
effect of a diffusion operator is that solutions become smoother than the prescribed
initial data. In our case, however, a can be strongly degenerate (i.e., vanish on
intervals of positive length), and hence solutions can exhibit shocks. We refer to
[14,[13] for the case when b = 0, and to [3,/5] for the case when A € (0,1) and a = 0.
The issue at stake here is that the fractional diffusion operator may not be strong
enough to prevent solutions of from developing discontinuities. However, and
as expected, in the linear case (f(u) = cu, a(u) = au with ¢ € R, a > 0), some
regularity can be proved (cf. Lemma[4.T).

An ample literature is available on numerical methods for computing entropy
solutions of degenerate convection-diffusion equations, cf. |7 13, 14|15, 17,[18,[23,
24, 20]. To the best of our knowledge, there are no works on nonlocal versions
of these equations. However, for the special case of fractional conservation laws
(a = 0) there are a few recent works [10}[11}5]. Dedner and Rohde [10] introduced
a general class of difference methods for equations appearing in radiative hydro-
dynamics. Droniou [11] devised a classs difference method for (I.1) (¢ = 0) and
proved convergence. Cifani et al. [5] applied the discontinuous Galerkin method to
(I.1) (a = 0) and proved error estimates. Finally, let us mention that the discontin-
uous Galerkin method has also been used to numerically solve nonlinear convection
problems appended with possibly nonlocal dissipative terms in [21, 22].

The discontinuous Galerkin (DG hereafter) method is a well established method
for approximating solutions of convection [6] and convection-diffusion equations
[7,20]. To obtain a DG approximation of a nonlinear equation, one has to pass
to the weak formulation, do integration by parts, and replace the nonlinearities
with suitable numerical fluxes (fluxes which enforce numerical stability and conver-
gence). Available DG methods for convection-diffusion equations are the local DG
(LDG hereafter) [7] and the direct DG (DDG hereafter) [20]. In the LDG method,
the convection-diffusion equation is rewritten as a first order system and then ap-
proximated by the DG method for conservation laws. In the DDG method, the
DG method is applied directly to the convection-diffusion equation after a suitable
numerical flux has been derived for the diffusion term.

This paper is a continuation of our previous work on DG methods for fractional
conservation laws [5]. We devise and study DDG and LDG approximations of (1.I),
we prove that both approximations are L?-stable and, whenever linear equations are
considered, high-order accurate. In the nonlinear case, we work with an entropy for-
mulation for (I.1) which generalizes the one in [30,14], and we show that the DDG
method converges toward an entropy solution when piecewise constant elements are
used. To do so, we extend the results in [14] to our nonlocal setting. Finally, we
present numerical experiments shedding some light on the qualitative behavior of
solutions of fractional, strongly degenerate convection-diffusion equations.

2. A SEMI-DISCRETE METHOD

Let us choose a spatial grid x; = iAz (Az > 0, i € Z), and label I; = (x;, z;41).
We denote by P*(I;) the space of all polynomials of degree at most k with support
on I;, and let

VF={v:v|, € P*I,), i € Z}).
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Let us introduce the Legendre polynomials {¢¢ i, 1., - - ., ¥k, }, where ¢; ; € PI(I;).
Each function in P¥(I;) can be written as a linear combination of these polynomials.

We recall the following well known properties of the Legendre polynomials: for
all i € Z,

Az forp=gq _
/Ii Pp,iPq,i dr = { 2qa-1 otherwise @p,i(xi+1) =1 and ‘Pp,i(xj) = (=1)7,

where @(zF) = lim,_ + ¢(s).
The following fractional Sobolev space is also needed in what follows (see, e.g.,
[1] or [16, Section 6]):
||u||§{>\/2(]R) = llul2m) + |U|12m/2(11§)7
with semi-norm |ul3,, ® = = ke ("|(ZZ);‘“1(3) dzdz. Finally, let us introduce the
operators

Pl = plad) — P, D) = g (plad) + plar)):

From now on we split our exposition into two parts, one dedicated to the DDG
method and another one dedicated to the LDG method.

2.1. DDG method. Let us multiply (I.1) by an arbitrary v € P*(I;), integrate
over I;, and use integration by parts, to arrive at

/ ULV —/ f Ux +f uz-i—l) 1+1 f(uz)’Uj—

/ a(U)uzVze — h(Uig1, U ip 1)V + W (Ui, ug 3)v) = b/ Llu
I

i

where f(u;) = f(u(z;)), h(u,uz) = a(w)u, and (us, vy ;) = (w(x;), uy(z;)). Let us
introduce the Lipschitz continuous E-flux (a consistent and monotone flux),

(2.2) Flui) = fluey), u@h)).

Note that since f is consistent (f(u,u) = f(u)) and monotone (increasing w.r.t. its
first variable and decreasing w.r.t its second variable),

(23) [ @ = ) s 2

i

Following Jue and Liu [20], let us also introduce the flux

hwi) = huly), ..., Ou(xy ) u(a]),..., Oku(a)))

[A(ui)] | ———— & 2m—17192m
= o p— T AW + D B Az [0 Auy)],
m=1

where A(u f a and the weights {3, . .., 8|2 } fulfill the following admissibility
condltlon there exist v € (0,1) and o > 0 such that

(2.4) DO Zaz[ 1oAYy /
i€l i€z ez

Note that the numerical flux h is an approximation of A(u;), = a(u(a;))ug(a;)

involving the average A(u;), and the jumps of even order derivatives of A(u;) up
to m = k/2. For example, if k =0 and Gy = 1, then

7 w(zh)) — Alu(x;
) = o [A(ug) = A A )
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and this function satisfies condition (2.4). In this case (k = 0),

1 _ _
A(w), = a(u(z)Bulw) = 5 (alu(@))su(a?) + a(u()))du(ay) ) = 0.
When £k > 2, some extra differentiability on «a is required. For example, with k& = 2,

[k/2]
S Bl [02" Aluy)] = i Aal02A(w)] = B Aafa (ui)(Drus)? + alug)Pus).

m=1

We see that the flux A is locally Lipschitz if a is sufficently regular, and that fl(O) =0
for all k. Let us rewrite as

- / ww — / F)va + Flusya)ory — Fluod
/ a()ugve — bz oy + hu)of :b/ Lo,

Ii Ii
and use the initial condition
(2.6) / u(z, 0)v(z) de = / uo(x)v(z) da.
The DDG method consists of finding functions 4 : Qr — R, a(-,t) € V¥, and

k
(2.7) iz, t) =Y Y Upi(t)ep,i(@)

i€Z p=0

which satisfy (2.5)-(2.6) for all v € P*(I;), i € Z.

2.2. LDG method. Let us write a(u = y/a(u)g(u),, where g(u f Va, and
turn equation (1.1) into the followmg System of equations

(2.8) {“t+ — Va(u)g)z = bLlu

q—g(u)s =0.

Let us introduce the notation w = (u

h(w) = h(u, q) = ( hu;W> ) _ ( f(u) = y/a(u)q )

q)’ (here ’ denotes the transpose), and write

hq(u) —9(u)

Let us multiply each equation in (2.8) by arbitrary v,,v, € P*(I;), integrate over
the interval I;, and use integration by parts, to arrive at

/ OV, — / ho, (W) 00y, + By (Wig1) v, Vi1 hu(wi)v:’i :b/ Lu]vy,
I;

/ quq — / hq(w)0zvq + hq(uit1)vy, Vg, it+1 hq(“i)vzi =0,

where hy (wi) = hu(usi, ¢i), wi = w(2), ¢ = q(w:), vy ; = vu(x;) and v, = = vu(z}).
Following Cockburn and Shu [7], we introduce the numerical flux

s Pl _ ot
(2.9) h(w;, wi) = ( F o : ) - " il ) — Clwil,
ho(uy  uf) —g(u;)

(2 K2

where F(u f f, C ( a 0(1)2 )»

—C12

C11 =
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c12 = ci2(w; , w; ) is Lipschitz continuous in all its variables, and c¢12 = 0 whenever
a=0orw, w = 0. Note that ¢;7 > 0 since f is an E-flux and, thus, the matrix

Cis bemlpomtlve definite.
The LDG method consists of finding w = (4, §)’, where

ZZU, cppl and §(z,t) = ZZQP, <pp,

i€Z p=0 i€Z p=0

are functions satisfying

/ Dyuny, 7/ W(W)0ay + hy(Wi1)vg ;1 — hu(wi)vy, = b/ L[u]vy,
I; ; I
(2.10)

/ qug — / u)0yvq + h o(Uit1)v,, Vgyit1 — hq(ui)v;,i =0,

for all v,,v, € P¥(I;), i € Z, and initial conditions for u and ¢ given by (2.6).

3. L2-STABILITY FOR NONLINEAR EQUATIONS

We will show that in the semidiscrete case (no time discretization) both the DDG
and LDG methods are L2-stable, for linear and nonlinear equations.

In this section and the subsequent one, we assume the existence of solutions @ and
w = (4, §)’ of the DDG and LDG methods (2.5) and (2.10), respectively, satisfying
,1,q € C1([0,T); V¥ N L?(R)), in which case the integrals containing the nonlocal
operator L[] are all well defined. Indeed, by Lemmal|A.3, V¥ N L2(R) C HY?(R),
and hence all integrals of the form

/sm Llps] for o1, € VENL*(R),
R

can be interpreted as the pairing between ¢; € HY?(R) and L]ps] € H *?(R).
Here H~*2(R) is the dual space of H*?(R), and L[p] € H*/?(R) whenever
¢ € HM%(R) (cf. Corollary A.3 and proof in [5]).

Remark 3.1. The existence and uniqueness of solutions in C*([0,7T]; V¥ N L2(R))
can be proved using the Picard-Cauchy-Lipschitz theorem. The argument outlined
n [5, Section 3], can be adapted to the current setting since all numerical fluxes
are (locally) Lipschitz (cf. [7] for the LDG case). For the DDG method with k& > 2,
additional differentiability on a is needed for this proof to work.

3.1. DDG method. Let us sum over all i € Z in (2.5), integrate over t € (0,7T),
and introduce the functional

Mppelu,v] = /OT/ ULy — /TZ [f(ul)[vl} + : f(“)%}
/ Z (u;)[vi] /1 a(u)uzvm} —b/OT/Rﬂu]v

€L

(3.1)

Let us define

rT[u}:a—w/OTg/hau u

where v € (0,1) and « > 0. Note that 't > 0 since a > 0 and, using the Taylor’s
formula, [A(u;)|[u;] = a(&)[wi]? > 0 where and &; € [u(z] ), u(z])], i € Z.
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Theorem 3.2. (Stability) Let @ be a solution of (2.5) such that both 4, A(4) and
their first k derivatives are sufficiently integrable. Then

T
i, )12y + 2T [d] + bex / (-, 8) 2y gy < o2y

Remark 3.3. Since i € C1([0,T); VENL%(R)) and £(0) = 0, all terms in (3.2) below
are well defined — except for

T
| [ had + [ ati)?].
0 “iez L
When k& > 2, additional integrability of @, A(%), and their first k derivatives, is

required in order to give meaning to the h-term.

Proof. By construction, Mppg[i,v] = 0 for all v € V¥ N L2(R). If we set v = 1,
we obtain

//utu_/ Z z‘]+/1if(ﬁ)ax
/Z (@) ] /Ivaﬁ)(ﬁz)ﬂb/oT/Rqam

Next, as a direct consequence of (2.3) and a change of variables, we see that
T
(33) |3 [faa+ [ s <o
0 ez Li
Since h satisfies the expression (2. 4)
(3.4) / > hilig) ] > / > /
€L

€L €L

(3.2)

Finally, using Lemma [A.1,

PN [SWIN
(3.5) /E[u]u = —?|u|§p/2(R)
R
We conclude by inserting (3.3), (3.4), and (3.5) into (3.2). O

3.2. LDG method. By summing over all i € Z, we can rewrite (2.10) as

/ vy — IEZ( W (W) [vui] + / W) vu) —b / Llufva,
/qvq Z( vl /I hq(u)axvq> 0.

i€EZ g
We add the two equations and integrate over ¢ € (0,7T) to find My pg|w,v] = 0 for

Mppglw, V] Z/T/utvqu/T/qvq
/ Z( wi)'[vil /1 h(w)’awv) —b/OT/un]Uu,

€L

(3.6)

where h(w;) = (hu(Wi), he(w:)), v = (vu,v,) and v; = (vy.4,v4.). Moreover, let
(remember that, as noted earlier, the matrix C is semipositive definite)

/Zwl [wi] (>0).

€L
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Theorem 3.4. (Stability) If w = (a,q)" is a C*([0,T); (V¥ N L?)?) solution of
, then

T
a( T2 @) + 2041720, + 207(W) + bCA/O (G-, )2y At < ol 22 )

Here, as opposed to Theorem 3.2, no further integrability of the first k£ derivatives
of the numerical solution W = (4, §)" is needed. The reason is that the numerical

flux h has been built without the use of derivatives of W = (i, §)’. Each term in

expression below is well defined thanks to (3.8), the fact that f(0) = 0 (which
implies that c11(0) = 0), c12(0) = 0, and @, G € C*([0,T]; V¥ N L2(R)).

Proof. By construction, M pg(W,v) = 0 for all v = (vy,v,)’, vu, v, € VFNL2(R).
We set v =W and find that

/OT/Ratm/OT/Rq?/OTZ (ﬁ(wi)'[wiw/ h(v*v)'azvv)

icZ Ii
(3.7) .
—b/ /c[a]azo.
o Jr
Here we also used the fact that

O 'y (ﬁ<v~vi>’[v~vi] + / h(vv)’awvv) -/ 'S wICr,

= i€z
see [7] for a proof. To conclude, insert and (3.5) into (3.7). O

4. HIGH-ORDER CONVERGENCE FOR LINEAR EQUATIONS

In this section we consider the linear problem

{ut + cuy = Ugy + L[] (z,t) € Qr,

(4.1) u(z,0) = up(x) z € R,

with the aim of proving that the DDG and LDG methods converge to a regular
solution of with high-order accuracy.

Lemma 4.1. Let ug € H*'(R), with k > 0. There exists a unique function
u € H;lf;rl(QT) solving (4.1)), where

Hg;;l(QT) = {(;5 € L*(Qr) : 105" Orull 2@y < 00 for all 0 <7+ 2m <k + 1}.
Moreover, |[u(-,t)| gr+1(r) < |luoll s+ (w)-

Proof. Since the equation is linear, we can pass to the Fourier space. In view of
(1.2), the Fourier transform of (4.1) is 4y + i€cti = —&2a — b|¢| M. Tt follows that

(€, 1) = dig(€)e (EeHEHPIENL,

By the properties of the Fourier transform, the above expression implies the ex-
istence of a unique L?-stable weak solution of (4.1). The L2-stability for higher
derivatives can be obtained by iteration as follows: take the derivative of (4.1), use
the Fourier transform to get stability, and iterate up to the kth derivative. Regu-
larity in time follows from the regularity in space since equation (4.1) implies that
OFu = (—cdy + 92 + bL)ku. O

In the following two theorems we obtain L2-type error estimates for the DDG
and LDG methods in the case that equation (4.1) has Hg;l—regular solutions.
(Note that the time regularity does not play any role here). To do so, we combine

estimates for the local terms derived in [7,[20] with estimates for the nonlocal term
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derived by the authors in [5]. In [6] it was observed that most relevant numerical
f fluxes reduce to

Flug i) = e — o2

in the linear case. In this section we only consider this f flux.
4.1. DDG method.
Theorem 4.2. (Convergence) Let u € H* 1(Q7), k > 0, be a solution of (4.1)

par

and @ € CL([0,T]; VF N L3(R)) be a solution of (2.5). With e = u — 1,

/Re%s,cmg'/OTZ[emu—v)/OT/RwQM/OT% L

€L

T
—&-bcA/ e[2asa(s) = O(1) A,
0

Remark 4.3. The error O(1)Az?* is due to the diffusion term u,,. The errors from
the convection term cu, and the fractional diffusion term bL[u] are of the form
O(1)Az?:+1 and O(1)Ax?*+2=2 respectively.

Proof. Let us set

Ma[u,v]/OT/Ruthr/OT/RuwzJr/OTZiL(Ui)[Ui]a

1€Z

Mol == [ 3 [t + [ ],

i€z I

Mefu,v] = —b/OT/RE[u]U.

With this notation in hand, we can write (3.1) as
Mbppclu,v] = My[u,v] + Mylu,v] + Mg [u,v].

Let Pe be the L2-projection of e into V¥, i.e., Pe is the VFNL2(R) function satisfying
/ (Pe(z) — e(x))pji(z)dz =0 for all i € Z and j = {0,...,k}.
I;

Note that Pe € H*?(R) since V¥ N L*(R) ¢ H*?(R) by Lemma For all
v € VFN L3(R), we have Mppg[it,v] = 0 since @ is a DDG solution of (4.1), while
Mppelu,v] = 0 since u is a continuous (by Sobolev imbedding) solution of (1.1)
and hence a solution of (4.1). Thus Mppgle,v] = 0, and by bilinearity (h is linear
since a = 1),

(42) Mppg[Pe,Pe] = MDD(;[]PG — e,]P’e}.

One can proceed as in [20] (in that paper, combine the last inequality of the proof
of Lemma 3.3 with Lemma 3.2 and (3.5)) to obtain

e 1 (T —;

(4.3)  M,[Pe —e,Pe] = f/ /(}P’em)2 + */ Z h(Pe;)[Pe;] + O(1) Az,
2Jo Jr 2Jo i€Z

Moreover, proceeding as in [6, Lemma 2.17],

_ _ e /T 12 2k+1
(4.4) M¢[Pe — e, Pe] = 1), é[ﬁ’el] + O(1)Ax=" T+,
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As shown by the authors in [5],
T
M [Pe — e, Pe] — M [Pe,Pe] = b/ / L[e]Pe

45 = // Pe]Pe + // e—f/o/ le — Pe](e — Pe)

bc)\ bey, be
1, |]P)6|H>\/2( ®T ) ||H>\/2(]R)+ 1 /0 lle = Pel|3r/2 gy

IA

where M. [Pe, Pe] = 22 fo |P€|H>\/2 (&) (Lemmal[A.1) and
(46) e = Pelpn oz < O()A+2A,

By (3.1), Lemma A.1] and the definition of f,

Mppa|Pe, Pe] :/(PeQ)t—l— E/TZ[P@P +/T /R(Pei)z

bey
/ Zh ]P)ez ]P’e, 7/ |]P)€|?{,\/2(R).

i€EZL
Inserting this equation along with (4.3), (4.4), and (4.5) into (4.2)) then shows that

/OT/R(PBQ)t-‘r?/OTZ[P%P-F;/T/(}P@QJ / > h(Pe;)[Pe;]

1€EZL

be be T
+7)\ |P€|HA/2 (R) + — 2 / |8 HM2(R) — O(l)AJL‘Zk,
4 4 Jo

and, using the admissibility cond1t1on (2.4),

[} e e 57 [ [ [T52

’LEZ

bey bey

2k
+T |P6|HA/2(]R)+ 1 /0 |€|Hx/z(R):O(1)Ax .

To conclude, we need to pass form Pe to e in the above expression. This has already
been done for the diffusion term in Section 3 in [20] and for the convection term in
the proof of Lemma 2.4 in [7]. For the nonlocal term, we see that by (4.6)

|P€|§1M2(R) = |€|§1A/2(R) - 0(1)A$2k+2_>\7
and the conclusion follows. O
4.2. LDG method.
Theorem 4.4. (Convergence) Let u € H¥ 1(Qr), k > 0, be a solution of (4.1

par
and w = (4,§)" € C1([0,T); V¥ N L?) be a solution of (2.5). With e, = u — @ and
6q =q— (L

T T
2 2 2 2k
/Reu(:zz,T) +/O /Req + Orle] + bcA/O leulfre @) = O(1) A

Proof. Let us choose a test function v = (v, v,), vu, vy € VF N L2(R), and define

M;[w, V] :/OT/Rutvu—k/OT/quq—/oTZ; (ﬁ(Wi)/[Vi]+/i h(w)’81v>.
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With this notation at hand, we can write as
MLDG[W7 V] = Ml [W7 V] + M[,[Wa V]a

where M, is defined in the previous proof. Proceeding as in the proof of Theorem
[4.2] we find that

(4.7) My pc[Pe,Pe] = My pc|Pe — e, Pe].
In [7] (Lemma 2.4) it is proved that

(4.8) M;(Pe — e, Pe) = fGT Pe] + / / ]P’e +0(1
By (3.6), (3.8), and Lemma A.1,

T T T
be
MLDG[JPe,Pe}:/ /(Pei)t+/ /Peg+@T[1pe]+ ;/ IPew?n2m)
0o Jr o Jr 0

By inserting this inequality along with (4.8]) and (4.5)) into (4.7), we find that

/OT/R(IPeZ)tJrI/T/Pngrl@T[Pe]

bey bex (1, 2%k
+ 7/ |Peu|HA/2(R) + / leulfrare gy = O(1)Az™.
The conclusion now follows as in the proof of Theorem [4.2] O

5. CONVERGENCE FOR NONLINEAR EQUATIONS

In the nonlinear case we will show that the DDG method converges towards an
appropriately defined entropy solution of (1.1) whenever piecewise constant ele-
ments are used. In what follows we need the functions

m(s) = |s — k|,

M (s) = sgn(s — k),

ar(s) = m,(s)(f(s) — f(K)),
ri(s) = 1m,(s)(A(s) — A(k)).

Remember that A(u) = [ a, and let C'2(Qr) denote the Holder space of bounded
functions ¢ : Qr — R for which there is a constant ¢ > 0 such that

0(2,8) = oy, )| < e [lo —yl+ VE— 7] forall (w,),(y,7) € Qr.
We now introduce the entropy formulation for (1.I).

Definition 5.1. A function u € L>®(Qr) is a BV entropy solution of the initial
value problem provided that the following conditions hold:

(D.1) u e Ll(QT)lﬂ BV(Qr);
(D.2) A(u) € C2(Qr);
(D.3) for all non-negative test functions ¢ € C(R x [0,T)) and all k € R,

/ m (W) o + ai (W)pe + 7 (W)pee + ms(w)Llul dedt

+Ank(uo(z))¢(0,x) dx > 0.
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This definition is a straightforward combination of the one of Wu and Yin [30]
(cf. also [14]) for degenerate convection-diffusion equations (b = 0) and the one of
Cifani et al. [5] for fractional conservation laws (¢ = 0). By the regularity of ¢ and
u and Lemma[A.1] each term in the entropy inequality |(D.3) is well defined.

Remark 5.1. The L'-contraction property (uniqueness) for BV entropy solutions
follows along the lines of [26], since the BV -regularity of u and the L*°-bound on
A(u), makes it possible to recover from the more precise entropy inequality
utilized in [26] for L* N L entropy solutions.

We will now prove, under some additional assumptions, that the explicit DDG
method with piecewise constant elements (i.e., k = 0) converges to the BV entropy
solution of (1.1). In addition to convergence for the numerical method, this also
gives the first existence result for entropy solutions of (1.I).

5.1. The explicit DDG method with piecewise constant elements. When
piecewise constant elements are used (k = 0 in (2.7))), equation (2.5) takes the form

[ e+ fin) = Fa) — baeen) + i) = [ £lal
IrL' Ii
Since @(xz,t) = 3,5 Ui(t)1i(x) (ie., @o,; = 14, the indicator function of the interval

I;), we can and will use the admissible flux h(u;) = +-[A(u;)] (which satisfies (2.4)
with £k = 0 and [y = 1) to rewrite the above equation as

d X . [A(Ui+1)]
ALCEUZ"’_J[(U’UU’H’l) f( i—1, )_ Az A.’E _bjze%U / ﬁl]

For At > 0 we set ¢, = nAt forn = {0,...,N}, T =ty, and ¢ = ¢(x;,ty) for any
function ¢. By a forward difference approximation in time, we obtain the explicit
numerical method

Urt! ~Ur fopury) - fUr,,up)

51 At Az
5-1) | AW — AW | AU “ ALY _ D S g
Ax? Ax? Ax 4 A
JEZL
where the weights Gi J; L I ] for all (i,7) € Z x Z. All relevant properties of

these weights are collected in Lemma [A.2] Next we define

1 1 — 1
D l*—:l:i i — Uy d ni*—i "dr = — i n’
+U . (Uix1 = U;) and L{U™) s LIU"] dx - JEGZ G]U]

where U™ is the piecewise constant interpolant of U":
U(z) =Up, x € [T, Tig1).
The explicit numerical method we study can then be written as
U7"+1 U P n n n n
U 4 Do fUp, U - DL AUR)| = beum),
Up = ﬁ fl uo () du.

(5.2)

As we will see in what follows, the low-order difference method (5.2)) allows for a
complete convergence analysis for general nonlinear equations of the form (1.T).

Let us now prove that the difference scheme (5.2) is conservative (P.1), monotone
(P.2), and translation invariant (P.3).
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(P.1) Assume U™ € L}(R) N BV (R). By LemmalA.1]
63 CSIGUI< [ 10" @)]lde < IO 5 07 By ey
1€ZL JEL
and hence we can revert the order of summation to obtain
DD G =3 Uy Gy =0
i€ JET. JEL i€Z

since )¢5 G% = 0 by Lemma (A.2). By summing over all i € Z on each
side of (5.2), we then find that

Surtt =% (Ui” + % ZG;ZU;L) =Y "ur.
€L i1€L JEZ 1€ZL

(P.2) We show that U™ is an increasing function of all {U};cz. First note

that
n+1
655; >0 for i#j,
since f is monotone and G% > 0 for i # j by LemmaA.2. By Lemma[A.2
we also see that G: = —d\Az'~* <0, and hence
ou Tt At ao on
e = 1= [0 f(UF Uly) = 0, f (U7, UD)|
SOt A
A ~—5aU]") — —Ax/\d,\.

Here 0, f denotes the derivative of f(uy,us) w.r.t. u; for i = 1,2. Therefore
the following CFL condition makes the explicit method (5.2) monotone:

At oAt At
(5-4) <||3u1f|L°c<R> + ||3u2f||Lw<R>> allallem +dii 5 <1

(P.3) Translation invariance (V. = U2, implies V" = U/,) is straightforward
since (5.2) does not depend explicitly on a grld point x;.

Remark 5.2. For several well known numerical fluxes f (i.e. Godunov, Engquist-
Osher, Lax-Friedrichs, etc.), we may replace

10us fll o ) + 100 fll o= (=)
in the above CFL condition by the Lipschitz constant of the original flux f.
In the following, we always assume that the CFL condition (5.4) holds.
5.2. Further properties of the explicit DDG method (5.2). Define
Uiy =D Uil, Ul = SUP|U\ and |Ulpy) = Y |Uiyr — Uil.
i€Z i€z

Lemma 5.3.

D) N0 L@y < lluollr ey,
‘Z_Z.) U™ | (zy < lluollLe(w),
ii1) U™ gy (z) < [uolBv(w)

Proof. Since the numerical method (5.2) is conservative monotone and translation
invariant, the results due to Crandall-Tartar [9, 14] and Lucier [28,14] apply. O
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For all (z,t) € R} = [zi,Zit1) X [tn, tnt1), let Gay(z,t) be the time-space bilinear
interpolation of U, i.e.

. " s [T — 1Az n oy [t —nAL
g (2, t) = U + (U — U)(M)+(Ui+1_Ui)< Al )

" " o [T — 1Az [t —nAt
(Uz++11 Uz - z+1+U )( Az ) ( At )

Note that uia, is continuous and a.e. differentiable on Q7. We need the above
bilinear interpolation — rather than a piecewise constant one — to prove the Holder
regularity in|(D.2). We will show that the functions A(fia,) enjoy Holder regularity
as in|(D.2), and then via an Ascoli-Arzela type of argument, so does the limit A(u).

The following lemmas which are needed in the proof of Theorem/[5.8] are nonlocal
generalizations of the ones proved in [14]. In what follows we assume f € C(R),
and note that the general case follows by approximation as in [14].

(5.5)

Lemma 5.4.

’f (UM, Ur) — DA, Z > chuy
(5.6) k=—o0 jEZ Lo (Z)
< Hf(U&U&) pawt - Y Yau|
k=—o00 jJEZ L=>=(z)
‘f(UZ‘, ) - Z > G}
(5 7) k=—o00 jEZ BV (Z)
]f(UP,UM) DALY - 3 S
k=—o00 jEZ BV (Z)

Proof. Inequality (5.6). Let us start by defining V;* = % Zzzfoo(U,lL —uprh.
This sum is finite since U™ € L*(Z) for all n > 0. If we use (5.2), we can write

(5.8) v = [f(Uf, ") — DLA(UP) } Z S Gtur

k=—o00 jEZ
Here we have used that U™ € L'(Z) N BV (Z), f and A are Lipschitz continuous,
and f(0) = 0 to conclude that the sum >, _ [f(U” 1) — DL AU is

finite and has value [f(U 1) — Dy A(U)]. Next we rewrite the right-hand side

10

of in terms of {V;"};cz. By (5.8),
Vit = v = [, Ut - FOP T UERY = Dy (AU - AP TY)|

79

+ > > arur-urh.

k=—o0 jEZ

(5.9)

We prove that

At
(5.10) Z DGOy -UFT = ) GV
k=—o0 jEZ jEZ
Indeed, note that D_V" = ﬁ (UT1 — U”fl) and

DGV =) Gl =) GV

JEL JEL JEZL
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: ko _ k-1
since G, = G~ . Thus,

Z S chwp -urh Z > Gtp_vy

k=—o00 jEZ k=—o00 jEZ
A i
v D MUY
k=—o00 jEZ
At % i
A SN E A o e
k=—o00 jEZ k=—o0 jEZ
At ¢ AL & .
I IPICAE D DD I aa’
k=—o00 jEZ kffoojEZ
At n < n
Ay yav- s vay
k=—o0 JEZ k——oo JEZL
At -
= 2. GV
JEZ

Using Taylor expansions, we can replace the nonlinearities f , A with linear approx-
imations as follows. We write

(5.11) fUr ULy - fUPT UMY = AL D_V + At f5 DV,

where f1'; = 01f(a},Uly), f3 = 9f(UP1,a7,,) and of,ap € (U}, UP).
Similarly, we write

(512) AU — AU = a(B)(UF — UPY) = Atal D_V},

where a' = a(8) and B € (U]"',UP). Inserting (5.10) and (5.11)-(5.12) into
expression (9.9) returns

(5.13)
N N At
VI = V= AL DoV + f3D_Vi) + AtD (aP D_V]") + ZG’V"
JEZ
or
n nys/n ny/n nys/n t TY/n
(5.14) VI = APV BV 4 CFV + - Y GV
JEZ
where
n | At 4, At
A = Mfl,i+Am2ai] ;
n | At At
B = 1= Se(f = 730 - (el k)]
[ At At
Czn: A A2 z+1 Afon,z:| .

Since f is monotone and a > 0, A", C" > 0. Moreover, B + %Gﬁ > 0 since the
CFL condition (5.4) holds true. Thus, since (5.14) is conservative, monotone, and
translation invariant (cf. the proof of Lemma5.3), |[V"||pez) < ... < [V (2),
and the conclusion follows from .
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Inequality (5.7). Let us introduce Z;* = V;* — V™ ;. Note that, since G;»:ll =G
for all (i,5) € Z X Z,

JEZ JEL JEL

Thus, (5.13) can be rewritten as

Zpt =20 — AtD_(f1. 20 + f3 "W Zi ) + AtD_Dy (a} Z]') ZGZ zr
]EZ
or
n+1 An rn nn 7n AN 7N At T 7N
(5.15) Zi = AZ + B2+ CP 2+ Az ZGJZJ J
JEZL

where A7, B, C" have similar properties as A%, B®, C". Proceeding as in the first
part of the proof, (5.15) can be shown to be conservative, monotone, and translation
invariant. Thus || Z"(|1(z) < ... < [|Z"]|L1(z), and the conclusion follows from (5.8).
We refer to [14] for the precise details concerning A?, B, CP. O

The next lemma ensures that the numerical solutions are uniformly L'-Lipschitz
in time (and hence BV in both space and time by Lemma[5.3).

Lemma 5.5.

Sl - vz < |F(U0,0%,) - D AUY) - 3 6k g Rl

BV(R) Ax
1EZ k=—o0 jJEZ (®)

Proof. Let us assume that m > n, the case m < n is analogous. Note that

m—1
Slor—ur s Y Y - o)

1€Z l=n i€Z

<Atzz [ LUty - D+AU1} ZG’Ul

l=n i€Z jEZ
Since D- (Lo Xz G4U; ) = 22 52 GUs,

> lur = up

i€z
< At Z S |p [ UL ) — Dy AU Z ZG’“UZ}
l=n i€Z k=—o0 jEZ
To conclude, use (5.7). O

We now show that the numerical solutions satisfy a discrete version of (D.2)L
Lemma 5.6. If |f(U?, U.,) — DL AUY) — Zzzioo djez GYU?| v (z) < o0, then
AU — A(UT)| = O(1) [|¢ —jlAz + /m — mm} .

Proof. Let us write
|A(U™) — A(UP)| < |AU™) — A(UT| + |A(UT) — A(U)| = I + 1.

We first estimate the term Iy, then the term I.
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Estimate of I. Using (5.6), (5.3), Lemmal[5.3]ii), and the fact that f is Lipschitz
continuous,

1D2 AW sy < HfUQ,U&) DoATY - 3 TG

k=—o00 JEZ Le=(z)
+[from) 5 Sy o
Lm(Z) k=—o00 jEZ ()

Hence I; = O(1)|i — j|Aw.
Estimate of Iy. Take a test function ¢ € CH(R), and let ¢; = ¢(iAx). Let us
assume m > n (the case m < n is analogous). Using we find that

Az ¢ (V"= V)

€L
m—1
—_ A.T Z Z¢z (‘/il'f‘l _ ‘/Zl)
l=n i€Z
= Az Z > 6| (flD-Vi + f3,D V1) + Dy(ap D_V})
l=n 1€Z

m—1
FALY D 9 Y GV =C1+ Co.

l=n i€Z j€Z

We use summation by parts to move D, onto ¢; and the fact that f{lz fznl a and
\V!|5v(z) are uniformly bounded to arrive that

C1 = O0)At(m —n) (|9l =) + 6| L= r)) -
For more details, see [14]. Then by (5.3), 327> ez |GiV}] = O(1), and hence
m—1 .
(516)  Co< Atlllliem Y 33 IGIV]] = O)AUM = n)l|] = m.
I=n i€Z jeL

Therefore,

(5.17) A0 6 (V" = V)| = O AL = ) [l6]l e + 19/l < cw)

1€

The above inequality is exactly expression (40) in [14]. From now on the proof
continues as in [14]. Loosely speaking we take an appropriate sequence of test
functions ¢. € C}(R) to deduce from that

Az [V =V = 0(1)y/(m — n)At.
i€z
By (5.8), Lemma/5.5] and inequality (5.16) we also find that

Az Y |V =V = O(1)(m — n)At + Az Y |DLA(UT") — D+ AUT)],
€L €L
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and hence Az Y, [DyA(U") — DL A(UT)| = O(1)y/(m — n)At. We conclude by
noting that

L = [A(U") = AUP)| = Ax| > DLAUT) = > DLAUY)

<Az ) |DLAUM) - DLAUN)| = O(1)y/(m — n)At.
i€Z

O

Next we show that the numerical method (5.2) satisfies a cell entropy inequality,
which is a discrete version of (D.3).

Lemma 5.7. Let k € R and n} = |U* — k|. Then
(5.18) 0"t =} + AtD_Q} — AtD_D_|A(U}") — A(k)| < At (U L{U™),,

where QF = f(U] VKU VEk)— f(U*NEUL ANE).

Proof. Let us introduce the notation a Ab = min{a, b} and a Vb = max{a,b}. Note
that n* = (U V k) — (U A k). Since the numerical method is monotone,

(UMY E) — (U V E) N fUMV kUM, VE) = f(UR VR UMV k)

At Ax
AU VE) =AUV E) AU VE) =AUV k)
B Az? * Ax?
<AL (g 400 (U7 LU
and
(UMY AR — (U Ak FUP AR UR, AK) — F(UR Ak UP A K)
+
At Az
AU NE) — AU N k) N AU NE) — AU NE)
Az? Ax?
> AL ooy (UM LU™);.
To conclude, subtract the above inequalities. O

5.3. Convergence of the DDG method. We are now in position to prove con-
vergence of the fully explicit numerical method (5.2) to a BV entropy solution of
(I.1). Let us introduce B (cf. [14]), the space of all functions z : R — R such that

1) - 0.4() - [ £l

< oQ.
BV (R)

In the following theorem we choose the initial datum to be in L}(R) N BV (R) N B,
which is done to make sense to the right-hand side of (5.7). Note that whenever
z € LY(R) N BV (R), L[z] € L'(R) by Lemma A.1, and hence

[ = S 2

Theorem 5.8 (Convergence for DDG). Suppose ug € L*(R) N BV(R) N B, and
let tin, be the interpolant of the solution of the explicit DGG scheme (5.2).
Then there is a subsequence of {iin.} and a function u € LY(Qr) N BV(Qr) such
that (a) dar — uin L}, (Q7) as Az — 0; (b) u is a BV entropy solution of (1.1).

Corollary 5.9 (Existence). If ug € L'(R) N BV(R) N B, then there exists a BV
entropy solution of (1.1)).

= [|L[Z]|lL1(r) < o0.
L1(®)
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Proof of Theorem|[5.8. We will prove strong L}, compactness, and hence we need
the following estimates uniformly in Az > 0:

i) lltaz]L=(@r) < C,

i) |iazlBvQr) < C.
Estimate i) is a consequence of Lemma/5.3]and (5.5), while estimate 4i) comes from
the following computations (cf. [14] for more details). Using the interpolation (5.5,
we find that

LWMZZMHWHZZWTWﬂ

n=0 i€Z n=0 i€Z
< T|U° pv)-
Note that Lemmal5.3 has been used in the second inequality. Similarly,

[ S S -+ 5 S S o - v

n=0 i€Z n=0 (€Z

< T|F(U2, U2.,) = DL AWUY) - Z e

‘BV Z
h=—o00 jEZ ( )

where Lemma [5.5] has been used in the second inequality. Hence, there exists a
sequence {fay, tien which converges in L} (Q7) to a limit

u € LY(Qr) N BV (Qr).

Next we check that the limit u satisfies |(D.2). We define wa, = A(daz). Note
that A(Gaz) — A(u) a.e. since ta, — u a.e. (up to a subsequence) and A is
continuous. Now choose (z,1), (y,7), (j,n), (i, m) such that (z,t) € R} and (y,7) €
R for R} = [, %i+1) X [tn,tn+1). Then,

\wa(y» T) - wAa:(x; t)| < |wA:E(ya T) - wAm(iAxa mAt”
+ |waz (iAx, mAL) — wa, (jAz, nAt)]
+ |lwaz (JAZ, nAL) — way(x,t)|
— L4+ 15

Note that by Lemma5.6, Io = O(1)(|i — j|Az + \/|m — n|At), while by Lemmal5.6
again, (5.5), and A’ =a € L*®°, I + I3 = O(1)(Az + VAt). Thus

0ae(y,7) = wasle, )] = OQ) [ly — @] + V/r = #] + Az + VA

We also have that wa, = A(fia,) is uniformly bounded since A is Lipschitz and
liaz is uniformly bounded. By essentially repeating the proof of the Ascoli-Arzela
compactness theorem, we can now deduce the existence of a subsequence {wa,}
converging locally uniformly towards the limit A(u). By the estimates on wag, it
then follows that

(5.19) A(u) € CV3(Qr).
Finally, let us check that the limit u satisfies (D.3)|in Definition [5.1. Here we
need to introduce a piecewise constant inteporlation of our data points U;*. We call
Upag(x,t) = U] for all (z,t) € (x4, Tit1) X [tn, tnt1)-

We do this since the discontinuous sign function n), makes it difficult to work with
the bilinear interpolant @a, in what follows. The need for the piecewise linear in-
terpolation was dictated by the condition|(D.2): continuity of the functions A(4a,)
were needed to prove Holder space-time regularity for the limit A(u) (cf. the proof of
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5.19)). To verify that the limit u also satisfies|(ID.3)|the piecewise constant inter-
polation ua, suffices since, as we already have strong convergence for the piecewise
linear interpolation, strong convergence toward the same limit u for the piecewise
constant interpolation is ensured thanks to the fact that

[ta (1) = tae(, 1)1 (@) < U By @)A.

We now take a positive test function p € C°(R x [0,T)), and let ' = (x;,t,).
We multiply both sides of (5.18) by ¢, and sum over all (¢,n). Using summation
by parts, we obtain

n+l

Azt Z Z Ny i

n=0 i€Z

‘Pz

N—-1

+AzALY Y QIDy g}

n=0 i€Z

(5.20) + AzAt Z D AWUT) = A(k)[D- (D4 ¢})

n=0 {€Z

N-1
+AzAL Y Y (U LU i}

n=0 i€Z
+ Az pln? >
€L

A standard argument shows that all the local terms in the above expression converge
to the ones appearing in the entropy inequality (D.3)L see e.g. [19} 14]. Let us look
the term containing the nonlocal operator £(-). We can rewrite it as

T+At
/ /nk(ﬁm)ﬁ[ﬂm]ﬁ dzdt+ R,
R

where R 222" 0 and ® is the piecewise constant interpolant of ¢}'. Indeed, let us
write 0}, (U ™) LU™); = ) (UM LU — UL, + 0, (U LU ). Note that

N-1 N—-1
AzALY LU = U)o} < ALl Lo Y /]R L[0"(z) = U (@)]| o,
n=0

n=0 1€Z

where the last quantity vanishes as Az — 0 by L!-Lipschitz continuity in time (cf.
Lemma 5.5, and also Lemmas [5.3 and [A.1)). Next,

Zzn Un+1 Un+1> (pn

n=0 i€Z
N

=D D mUPTHLU™ilef — i) + Zan (U DLW i,
n=0 1€Z n=0 i€Z

where the first term on the right-hand side vanishes as Az — 0 since there exists a
constant ¢, > 0 such that [ — 't < ¢, Az for all (i,n). To conclude, we prove
that up to a subsequence and for a.e. k € R,

T+At Av—o
(5.21) / / 0, (iaz) Lling)@ da dt =25 e (w) Lu]p dx dt.
Qr

This is a consequence of the dominated convergence theorem since the left hand
side integrand converges pointwise a.e. to the right hand side integrand. Indeed,
first note that @ — ¢ pointwise on @7, while a.e. up to a subsequence, ta, — u
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on Qr. We also have 1) (taz) — ), (u) a.e. in Qp since for a.e. k € R the measure
of {(z,t) € Qr : u(x,t) = k} is zero and 7, is continuous on R\{k}. Finally if
the (compact) support of ¢ is containd in [—R, R] x [0,7], R > 0, then a trivial
extension of Lemma/[A.1 implies that

T
/ \Clia, — u| dedt < exC / N N | S
[=R,R]x[0,T) 0

where the last quantity vanishes as Az — 0 since 4a, — w in L}, (Q7). Then
Lluag] — Lu] ae. in [-R, R] x (0,T) up to a subsequence. Convergence for all
k € R can be proved along the lines of [25, Lemmas 4.3 and 4.4]. O

5.4. Remarks on the LDG method. The derivation of the LDG method in the
piecewise constant case is not as straightforward as the one for the DDG method.
Indeed, the numerical fluxes introduced in (2.9) depend on the choice of the function
c12, and computations cannot be performed until this function has been defined.
Our aim now is to show that the LDG method reduces to a numerical method
similar to (5.1) for a suitable choice of the function ¢ys.

Let us for the time being ignore the nonlinear convection and fractional diffusion
terms and focus on the problem

ug — Ozr/a(u)g =0,
q — 0zg(u) =0,
u(z,0) = up(x).
The LDG method (2.10) then takes the form
[; e+ ho(Wiy1) — by (Wi) = 0,
(5.22) S o
J1, @+ hq(tiigr) — hy(ti;) =0,

where a(x,t) = >, o, Us(t)1,(x), (z,t) = 3,25 Qi(t)11, (2), and the fluxes (hu, hy)
are defined in (2.9). Let us insert 4 and ¢ into the system (5.22), and use the flux
(2.9) to get

%UiASC o g(Ul}H)—g(Ui) Qit1+Qi ClQ(Qi—H B Ql)

i+1—U; 2
(5.23) +g(Ul§z:gUglfi171) DALt 4 1p(Qs — Qi1) =0,

QiAz — 9(U1‘+1)2+9(U1‘) + Cl2(Ui+1 _ Ui)
+9(Ui)+§(Uz‘71) _ Clz(Ui _ Ui—l) —=0.
Let us choose the function c¢15 to be

1
(5.24) c12(U;, Ui—y) = 3

Inserting (5.24)) into (5.23) then leads to

%UiAx _ g(U[}+1)_g(,Ui)Qi+1 + Q(Ui):gUg(fil—l)Qi =0,

i+1—Ui; U;
_ 9Wi)—gUi—1)
Qi - g Agx 9
or
d 1 (9(Uig1) —g(U:)* | 1 (g(Us) — g(Ui-1))?

—UAx — —— — =0.
dtU v Az Ui+1 - Uz + Az Ui - Ui—l 0



DG FOR FRACTIONAL CONVECTION-DIFFUSION EQUATIONS 21

For the full equation (1.I), this choice of ¢15 along with a forward difference ap-
proximation in time, lead to the following piecewise constant LDG approximation:

urtt —un . foror,) - fUr,,ur)

5 95 At Ax
G2 1 o) e | 1 (Or) - gU)? L s gign
Ax? v, = up Ax? ur-ur, Ax A

JEL

Remark 5.10. We do not prove convergence for the numerical method (5.25). How-
ever, we note that

dg\* _ dA

du) — du’
since g = [“/a and A = [ a. Roughly speaking this means that

(9(U,) — g(U))?
Uiy1 - Us;

~ A(UL.) — AU,

and hence that (5.1) and (5.25) are closely related. Experiments indicates that the
two methods produce similar solutions (cf. Figure[3).

6. NUMERICAL EXPERIMENTS

We conclude this paper by presenting some experimental results obtained using
the fully explicit numerical methods (5.2) and (5.25). In the computations we
have imposed a zero Dirichlet boundary condition on the whole exterior domain
{]z| > 1}. In all the plots, the dotted line represents the initial datum while the
solid one (or the dashed-dotted one in Figure[3) the numerical solution at t = T

Remark 6.1. The operator L[i] requires the evaluation of the discrete solution @ on
the whole real axis, thus making necessary the use of some localization procedure.
In our numerical experiments we have confined the nonlocal operator L[] to the
domain © = {|z| < 1}. That is to say, for each grid point (x;,t,) € Q x (0,T) we
have computed the value of 4 at time ¢,1 by using only the values @(x;,t,) with
r; € Q.

We consider two different sets of data taken from [14]. In example 1 we take
2

0 for u <0.5
2.5u—1.25 for 0.5 <u<0.6
0.25 for u > 0.6,

fi(u) =u
a(u) = {
(Ex.1) 0 for z < —0.5
52 +2.5 for —0.5<z<-0.3
(z)=<1 for —03<x<0.3
25—5x for0.3<x<0.5

0 for x > 0.5,

Uo,1
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while in example 2 we choose

1
fo= th
az = 40‘17
(Ex.2) 1 for z < —-0.4
up2(r) = 4 —2.52 for —04<2<0
0 for z > 0.

The numerical results are presented in Figure[1,[2, and [3] The results confirm
what we expected: the solutions of the initial value problem (1.1) can develop
shocks in finite time (this feature has been proved in [3] for the case ¢ = 0). In
Figure2](b)-(c) you can see how the presence of the fractional diffusion £ influences
the shock’s size and speed

In Figure[3] the dashed-dotted curve represents method (5.2), while the solid one
represents method (5.25). The two numerical solutions stay close, and numerical
convergence has been observed for finer grids. Note that here we have set b = 0 (no
fractional diffusion) in order to stress the differences between the two methods.

Finally, let us remind the reader that no general results concerning the rate
of convergence of numerical methods for nonlinear equations like (1.I) have been
produced so far. For more details, cf. [4].

-1 -0.5 0 0.5 1 -1 -05 0 0.5 1

(a) ut + f(u)z = (a(w)ug)z (b) Equation (1.1) with A = 0.5

FIGURE 1. (Ex.1): T'=0.15 and Az = 1/640.

08 — 08
06 B E 06
04 B 1 04

0.2 B B 0.2

-1 -0.5 0 05 1 -1 -05 0 0.5 1

(a) ut + f(u)z = (a(w)uz)z (b) Equation (1.1) with A = 0.5

FIGURE 2. (Ex.2): T = 0.25 and Az = 1/640.
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-1 -0.5 0 05 1 -1 -05 0 0.5 1

(a) T = 0.0625 b) T=1

FIGURE 3. (Ex.2): solutions of u;+ f(u); = (a(u)uy), at different
times using methods (5.2) and (5.25) (Axz = 1/160).

APPENDIX A. TECHNICAL LEMMAS

In this appendix we state some technical results from [5] that are needed in this
paper. All proofs can be found in [5].

Lemma A.1l. Let p,¢ € L'(R) N BV (R). Then there exists C > 0 such that

(A1) 126 = exCllelly ety my

(A.2) [ ot = [ eciol

(A.3) /Rgpﬁ[@]—cg‘/R/RWdzdz.

Moreover, the last two identities also hold for all functions ¢, € H?(R).

To prove inequality (A.1) one can split the nonlocal operator L[], using an auxil-
iary parameter € > 0, into the sum of L.[-], the operator containing the singularity,
and L£¢[-], the remaining part of the original operator. The operator L[] can then
be treated using the control on the bounded variation, while the control on the L'-
norm is needed for the operator £¢[]. To obtain exactly estimate (A.1) the optimal
value of € must be chosen. The proof of (A.2) - and thus of (A.3) - is essentially a
change of variables.

Lemma A.2. For all (i,j) € Z X Z,

S IGL <00, 3G =0, G =Gl and G1HL = G
keZ kEZ

Moreover, G; > 0 whenever i # j, while

X dz dz
A4 t=— — —2 _JAz'7* <.
(A-4) “i C)\ </z|<1 2| A * /z|>1 |Z|1+/\> ! =0

Lemma is essentially a consequence of the form of the operator L[] itself,
and properties (A.1) and (A.2). Property (A.4) comes from a precise evaluation of
the integral Gi.

Lemma A.3. If ¢ € V¥ N L%(R), then ¢ € H2(R) for all X € (0,1), and

C
} 2 < ol? 2 mr.
(A5) 19123 g < Az I9lF2cm)
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LemmalA.3 is essentially a consequence of the fact that ¢ is a piecewise polyno-
mial. The control on the L?-norm together with the piecewise structure of ¢ ensure
that its quadratic variation is bounded. Then, the finite quadratic variation plus
the fact that ¢ is differentiable inside each interval I; return (A.5).
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