SEMI-LAGRANGIAN SCHEMES FOR LINEAR AND FULLY
NON-LINEAR DIFFUSION EQUATIONS

KRISTIAN DEBRABANT AND ESPEN R. JAKOBSEN

ABSTRACT. For linear and fully non-linear diffusion equations of Bellman-Isaacs
type, we introduce a class of approximation schemes based on differencing
and interpolation. As opposed to classical numerical methods, these schemes
work for general diffusions with coefficient matrices that may be non-diagonal
dominant and arbitrarily degenerate. In general such schemes have to have a
wide stencil. Besides providing a unifying framework for several known first
order accurate schemes, our class of schemes includes new first and higher order
versions. The methods are easy to implement and more efficient than some
other known schemes. We prove consistency and stability of the methods, and
for the monotone first order methods, we prove convergence in the general case
and robust error estimates in the convex case. The methods are extensively
tested.

1. INTRODUCTION

In this paper we introduce and analyze a class of approximation schemes for fully
non-linear diffusion equations of Bellman-Isaacs type,

(1.1)  u; — inf sup {Laﬁ[u](t,x) + Pt x)u + fa’ﬁ(t,x)} =0 in Qr,
a€Agep

(1.2) u(0,2) = g(z) in RY,
where Q7 := (0,T] x RY, A and B are complete metric spaces, and
LB u(t, ) = tr[a®P(t, ) D*u(t, z)] + b*P(t, 2) Du(t, x).

The coefficients a®? = %OQ’BUQ’BT, boB B foB and the initial data g take
values respectively in S%, the space of N x N symmetric matrices, RV, R, R, and
R. We will only assume that a®? is positive semi-definite, thus the equation is
allowed to degenerate and hence not have smooth solutions in general. Under
suitable assumptions (see Section 7 the initial value problem — has a
unique, bounded, Holder continuous, viscosity solution u. This function is the upper
or lower value of a stochastic differential game, or, if A or B is a singleton, the value
function of a finite horizon, optimal stochastic control problem [27].
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2 DEBRABANT AND JAKOBSEN

We introduce a family of schemes that we call Semi-Lagrangian (SL) schemes.
They are a type difference-interpolation schemes and arise as time-discretizations of
the following semi-discrete equation

up — ian sup {Lz’B[IAIu}(t,x) + Pt x)u + fo"ﬂ(t,x)} =0 in Xa,x(0,7),
aEA BeB

where Lg’ﬁ is a monotone difference approximation of L*# and Za, is an interpola-
tion operator on the spatial grid Xa,. For more details see Section [3] Typically
these schemes are first order accurate wide-stencil schemes, and if the matrix a®?
is bad enough, the stencil has to keep increasing as the grid is refined to have con-
vergence. They include as special cases monotone schemes from [16], 20, [, 11], new
versions of these schemes, and a new non-monotone spatially second order accurate
compact stencil scheme. There are three main advantages of these schemes: (i) they
are easy to understand and implement, (ii) they are faster than some alternative
methods, and (iii) they are consistent and, if Za, is monotone, monotone for every
positive semi-definite diffusion matrix a®? = %JQ’BJQ’B T. The last point is impor-
tant because monotone methods are known to converge to the correct solution [3],
while non-monotone methods need not converge [23] or can even converge to false
solutions [25].

Classical finite difference approximations (FDMs) of are not monotone (of
positive type) unless the matrix a®? satisfies additional assumptions like e. g. being
diagonally dominant [19]. More general assumptions are given in e. g. [6, [14] but at
the cost of increased stencil length. In fact, Dong and Krylov [I4] proved that no
fized stencil FDM can approximate equations with a second derivative term involving
a general positive semi-definite matrix function a®?. Note that this type of result
has been known for a long time, see e.g. [21, [I1]. Some very simple examples of
such “bad” matrices are given by

( ot 53”1;‘"2) in [0,1)2, (O‘2 aﬁ) for A=B=[0,1), 1 LODUT

ST1Ty X3 af  p? |Dul?

and these types of matrices appear in Finance, Stochastic Control Theory, and
Mean Curvature Motion. The third example leads to quasi-linear equations and
will not be considered here, we refer instead to [11].

To obtain convergent or monotone methods for problems involving non-diagonally
dominant matrices, we know of two strategies: (i) The classical method of rotating
the coordinate system locally to obtain diagonally dominant matrices a®?, see e.g.
Section 5.4 in [19], and (ii) the use of wide stencil methods. The two solutions seem
to be somewhat related, but at least the defining ideas and implementation are
different. Both ways lead to methods that have reduced order compared to standard
schemes for diagonally dominant problems, but the first strategy seems much more
difficult to implement.

We mention that the schemes of [22] for stationary Bellman equations have much
in common with the schemes in this paper. However the two types of schemes and
their derivation and error analysis are different in general. Other related wide-stencil
schemes are the method of [6], which is not of SL type, and various SL like schemes
for other types of equations, e.g. the Mean Curvature Motion equation [I1], Monge-
Ampere equations [24], and non-local Bellman equations [§]. The terminology SL
schemes is already used for schemes for transport equations, conservation laws,
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and first order Hamilton-Jacobi equations. In the Hamilton-Jacobi setting, these
schemes go back to the 1983 paper [9] of Capuzzo-Dolcetta.

The rest of this paper is organized as follows. In the next section we explain
the notation and state a well-posedness and regularity result for f. The
SL schemes are motivated and defined in an abstract setting in Section 3] and in
Section [f] we prove that they are consistent, L>-stable, and, if Za, is monotone, also
monotone and convergent. We provide several examples of SL schemes in Section
including the linear interpolation SL (LISL) scheme. This is the basic example
of this paper, a first order accurate wide stencil scheme that can be defined on
unstructured grids. Higher order interpolation is not monotone. But for essentially
monotone solutions, we use third order monotonicity preserving cubic Hermite
interpolation [I7, [I5] to obtain new schemes called monotonicity preserving cubic
interpolation SL (MPCSL) schemes in Section These compact stencil schemes
are second order accurate in space and first or second order accurate in time.

In Section [6] we discuss various issues concerning the SL schemes. We compare
the LISL scheme to the scheme of Bonnans-Zidani [6] and find that the LISL scheme
is easier to understand and implement and is faster in general. We also explain
that the SL schemes can be interpreted as collocation methods for derivative free
equations, and as dynamic programming equations of discrete stochastic differential
games or optimal control problems.

In Sections [7} [§] and Appendix [B] we derive robust error estimates for monotone
schemes for convex equations, i.e. when Za, is monotone and B is a singleton in
(1.1). They are obtained through the regularization method of Krylov [I8] and
apply to degenerate equations and non-smooth solutions. Finally, in Section [9] our
methods are extensively tested. In particular we find a first indication that the LISL
and MPCSL schemes yield much faster methods to solve the finance problem of [4].

2. NOTATION AND WELL-POSEDNESS

In this section we introduce notation and assumptions, and give a well-posedness
and comparison result for the initial value problem —(1.2)).

We denote by < the component by component ordering in RM and the ordering
in the sense of positive semi-definite matrices in SV. The symbols A and V denote
the minimum respectively the maximum. By |- | we mean the Euclidean vector
norm in any RP type space, e.g. if X € RV*F (an N x P matrix), then |X|? =
> |X;j|? =tr(XX ") where X" is the transpose of X. If w is a bounded function
from some set Q' C @, into R, RM or RV*F we set

jw(t, z) —w(s,y)|
|wlo S lw(t,y)l,  [wls e Tyl Tt s[i/2)”
and |w|s = |w|o + [w]s for any § € (0,1]. Let Cy(Q') and C*(Q"), 6 € (0, 1], denote
respectively the space of bounded continuous functions on @’ and the subset of
Cy(Q') in which the norm | - |5 is finite. Typically Q' = Q7 or Q' = RY, and we
will always suppress the domain @’ when writing norms.
For simplicity, we will use the following assumptions on the data of 7:

(A1) Forany a € Aand B € B, a®? = Lo*F5*P T for some N x P matrix 0.
Moreover, there is a constant K independent of «, 8 such that

g1 + lo® Pl + BP0 + [P+ [f4F] < K.
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These assumptions are standard and ensure comparison and well-posedness of (|1.1)—
(1.2) in the class of bounded z-Lipschitz functions.

Proposition 2.1. Assume that (Al]) holds. Then there exist a unique solution u
of (1.1)—(1.2) and a constant C only depending on T and K from (Al)) such that

Furthermore, if uy and ug are sub- and supersolutions of (L.1) satisfying u1(0,-) <
u2(0,+), then uy < us.

The proof is standard. Assumption can be relaxed in many ways, e. g. using
weighted norms, Holder or uniform continuity, etc. But in doing so, solutions can
become unbounded and less smooth, and the analysis becomes harder and less
transparent. Therefore we will not consider such extensions in this paper.

By solutions in this paper we always mean viscosity solutions, see e. g. [10] 27].

3. DEFINITION OF SL SCHEMES

In this section we propose a class of approximation schemes for f which
we call Semi-Lagrangian or SL schemes. This class includes (parabolic versions of)
the “control schemes” of Menaldi [20] and Camilli and Falcone [7] and the monotone
schemes of Crandall and Lions [II]. It also includes SL schemes for first order
Bellman equations [9] [T6], and some new versions as discussed in Section |5 For
a motivation for the name, see Remark For the time discretization we use a
new generalized mid-point rule that includes explicit, implicit, and a second order
Crank-Nicolson like approximations. Since the equation is non-smooth in general,
the usual way of defining a Crank-Nicolson scheme [I2] only gives a first order
accurate scheme in time.

The schemes are defined on a possibly unstructured family of grids {Ga¢ Az},

G = Gat,az = {(tn, Ti) fneNg,ien = {tntnen, X XAz,
for At, Az > 0. Here 0 =ty < t; < --- <t, < t,41 satisfy
max At, < At where At, =t, —tp_1,
n

and Xa, = {z;}ien is the set of vertices or nodes for a non-degenerate polyhedral
subdivision 74% = {I’J-Am}jeN of RV, i.e., the polyhedrons TjAg” satisfy

. A Azy _ Az _ N

int(T* N ) i g EJNTJ' *=R",

J

pAz < sup{diam Bpa:} < sup{diam Tf‘m} < Az
jeN J jEN

for some p € (0, 1), where diam is the diameter of the set and Bpax is the greatest
J

ball contained in TJ-Ax.
To motivate the numerical schemes, we write o = (01,09, ...,0m,...,0p) Where
O is the m-th column of o and observe that for £ > 0 and smooth functions ¢,

1 1 &
itr[UUTD2¢(:r)] =3 Z trlomo, D*¢(z)]

+O(k?),

"1 9@ + kom) — 26(z) + bl — ko)
=23 k2
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At ) = 0le) | o

_ %m + k%b) — 202(2@ + o+ k) + O(K?).

bDo(x)

These approximations are monotone (of positive type) and the errors are bounded
by 4 Plo|§|D*¢lok? and 1|b|3| D?¢|ok? respectively. To relate these approximations
to a grid G, we replace ¢ by its interpolant Za, ¢ on that grid and obtain

.
%tr[aaT D) ~ 3 1 (Zaz®)(@ + kom) = 2(Zasd) (@) + (Zacd) (@ — ko)

m=1 2 k2 ’

If the interpolation is monotone (positive) then the full discretization is still monotone
and represents a typical example of the discretizations we consider below.

To construct the general scheme, we generalize the above construction. Consider
general finite difference approximations of the differential operator L*#[¢] in
defined as

M a,fB,+ _ a,_ﬁ,—
31) Lol = 3 ST 2200 ) £ 6 2ui (2))

i=1

for £ > 0 and some M > 1, where for all smooth functions ¢,
(32) L2 [0] = L[] < C(IDolo + -+~ + | D*elo)k°.

This approximation and interpolation yield a semi-discrete approximation of (|1.1)),

U, — irelf4 sup {LE’B[IAxU](t,x) + P (t,2)U + f""ﬁ(t,x)} =0 in (0,7) x Xaq,
acA BeB

and the final scheme can then be found after discretizing in time using a parameter
0 € [0,1],

(3.3) Oap, Ul = JQQEUE {Lz,ﬁ[ITOCUé,n]THe +c?,ﬂ,n—1+9Uf,n+fioz,57n—1+0}
g [S

in G, where U = Ul(ty, x;), f.a’ﬁ’”flw = fOB(t,_ 1 +0AL,, x;), ... for (t,,z;) € G,

3

ot @) — i(tt — At,x), and a@n =(1-0)¢" +6¢",

—0,n n— n
IAm¢. = (1 - Q)IAacgb ! + 91Aac¢ .

5At¢(ta LL') =

As initial conditions we take
(3.4) U =g(z;) in Xas.

Remark 3.1. For the choices 8 = 0,1, and 1/2 the time discretization corresponds
to respectively explicit Euler, implicit Euler and midpoint rule. For § = 1/2, the
full scheme can be seen as generalized Crank-Nicolson type discretization.
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4. ANALYSIS OF SL SCHEMES

In this section we prove that the SL scheme is consistent and L*°-stable, and
in the case when the interpolation (and hence the scheme) is monotone, we present
existence, uniqueness, and convergence results for the schemes. Error estimates are
given in Section [7] for the monotone convex case.

For the approximation Lg”B and interpolation Za, we assume

M
Sl T = 250+ O,

=1

[y a,p, +yz,{3 + T + ya B,— ye 7167 ] — 9k25%B BT T (’)(k4),

‘Mi

(Yn { i

a,B,+, @B+, a8+ a,f,— a,f,—_ a,B,— 4
[yk g Ikyi,ge Ykiigs + yk V8,91 yk Ji,J2 yk Ji,d3 } O(k )v

M:

=1

a,B,+, B+, o B+, a,B,+ a,fB,—, a,B,— o,B,— a,B,—1 _ 4
[yk g Ikyige Ykiisgs Ykiga + yk V6,71 yk 16,52 yk 18,93 yk JiyJ4 ] O(k )7

Ms

i=1

for all j1, j2,743,74 = 1,2, ..., N indicating components of the y-vectors.
(I1) There are K > 0,7 € N such that for all smooth functions ¢,

|(Zaz9) — ¢lo < K|D"¢loAz".
(I2) There is a set of non-negative functions {w;(z)}; such that

IAw¢ Z ¢ m] w]

and for all ¢,j € N,
w;(x) >0, w;(x;) = &5, and sz(x) =1

(I2’)  Assumption (I2) holds, but w; = wg ; is allowed to depend on ¢.

Under assumption (Y1)), a Taylor expansion shows that LZ’ﬁ is a second order
consistent approximation satisfying (3.2). If we assume also (I1)), it then follows

that Lz’ﬂ [Zaz¢] is a consistent approximation of L*#[¢] if A]f;

L3P [Zaad) = L (9] < \L(;:’ﬁ[IAM] = Ly P[0l + 1L P[] — 2P lgl,
where |Lg’6[¢] — L*P[¢]| is estimated in (3.2), and by .

T

152 Zaad] — L2 7[6)l < CID"0lo T2

Remark 4.1. Assumption (Y1) is similar to the local consistency conditions used in
[19]. The O(k*) terms insure that the method is second order accurate as k — 0.
Convergence will still be achieved if we relax O(k*) to o(k?) as k — 0.

Remark 4.2. An interpolation satisfying is said to be positive and preserves
positivity of the data. Such an interpolation does not use (exact) derivatives to
reconstruct the function ¢, and it may be a non-monotone and non-linear operator,
as in the case of monotonicity preserving cubic interpolation (see Section .
When holds and wg ; = w; is independent of ¢, the interpolation is a linear
operator and monotone in the sense that U < V implies that Za,U < Za.V.
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The w;’s form a basis and the relation ), wgy ;(z) = 1 follows readily from the
other assumptions in and . Examples are constant, linear, or multi-linear
interpolation (i.e. r < 2 in ) since higher order interpolation is not monotone.

The scheme is said to be of class L if it can be written as

. a,Bnnyrn a,Bnnrrn a,B,n,n— 1 a,Bn |
(4.1) suplrﬁlf{BUn“ G S § Byl lyrt - }70
“ i

in G, where B(a]ﬁ i >0 might depend on U™. In the case of monotone interpola-
tion, Bf}f i are independent of U™, and the L-property implies monotonicity of
the approximation scheme in the sense of Barles-Souganidis [3].

In the following, we denote by c¢*?% the positive part of ¢*?. We now show
consistency and stability of the scheme.

Lemma 4.1 (All SL schemes). Assume, (), and (Y1) hold.
L1}

(a) The scheme (3.3)) is consistent with (1.1} with truncation error bounded by
11— 29|

|eelo AL + C<At2 (|¢tt\0 + |peetlo + [ Duelo + | D*drelo )

A r
1Dl =5+ (IDglo + - + |D4¢|o>k2>.

(b) The scheme (3.3)) is of class L (see (4.1) for the definition) if the following CFL
condition holds,

M
(4.2) (1-0)At [ﬁ — e 1+9} <1 and OALP" M <1 for all a, B, n, i
(¢) If in addition cmd [@2) hold and 20Atsup, 4|c* Ty < 1, then any
solution U of . is L>°-stable satisfying

|U"|0 < e25WPq g [ B ¥ oty {g|0 + t,, sup |fa7ﬁ|0].
a,f

Remark 4.3. By parabolic regularity D? ~ 0y, so |D?¢s|o ~ |peet|o. When 6 = 1/2,
the scheme (3.3)) is second order accurate in time.

Proof. (a) The scheme is consistent with . with a truncation error bound
[1— 29|

|pee|o At + *|¢ttt|0At2 + SUP {|La’ﬁ " - La’ﬁ IA:,:¢ | 1o}

+ sup {|La,ﬁ[¢n71+9 _ ¢ , Ho n |Ca,,3,n71+0(¢n—1+9 _ge,n”o}
a,B,n
for smooth ¢. Part (a) now follows since by ( . , and simple computations,
—0,n @ r
L") — Ly Eaed "] < C|D ¢5|0 +C(IDglo + -+ + D glo)k?,
LB lgn 140 37| < ArP6(1 - )Su[g 1L [¢ullo
< CA(IDdilo + |D*puelo),
[em B0 (140 G| < CO(1 — 0) Aty



8 DEBRABANT AND JAKOBSEN

(b) Note that since ), wg,; = 1,
L?’B[IAM(IZ N(tn-1+0, mj) = Z lg:ﬁén71+0 [¢(t7 z;) — o(t, mj)]a

1€N
where
joB 140 _ M wsi (@ + ol (tnorves2))) + woi (25 + Yo (tn110, 7))
s =2 o

=1
with >, lg’jﬁ;’%lw = . The lg’f’i"71+9’s are non-negative by ([2)). The coefficients
in (4.1) can now be written as
a,Bnn M a,B,n—1+0 a,B,n—1+60
By =1+ 00t (52 — gy = ¢ ),

Ba,ﬂ,n,nfl —1_ (1 . H)Atn(kﬂz B loé,ﬁ,an»G B Cq,ﬁ,n71+0),

Ur=1j,j Un=1j.j J
a,Bnn a,B,n—140 a,Bnn—1 a,Bn—1460
Bywji" = 0Atalyiy, By, = (1= 0)Atalyny 550

where j # i. These coefficients are positive if (4.2)) holds.
(c) Fix any € > 0 and let j be such that |U}'| > [Ulo —e. Assume first that Uj* > 0.
By the definition and sign of the B-coefficients (see part (b)),

M 140
BSE;Z”UJ” > (1 — 0At, sauﬁp \c‘)"ﬁ’ﬂo) Uj +0At, (ﬁ — l?]fjnj )(\U"\o —€),

M 148
=Y B U = 00t (1 — 52 ) U,
i#£]
=SB U = = (1 (1= )ALy sup o ) [T,
i @p

K2

By (4.1) we then find that
Uy =y
- 1+ (1= 0)Atsup, g|c*PT|o
- ( 1 —0Atsup, g|cvF+|o

M
) [|U”_1|o + Aty sup | fP o + 9Atn75}
B k

< e25UPa,p [c®BF ot |g|0 + t,, sup ‘f&,ﬂb} 4 Ok,n(g)'
a,B
If U} <0, a similar argument shows that U = —U satisfies the same inequality.
Since |U"|o < [U'| + ¢ and ¢ is arbitrary, the result then follows. O

If monotone interpolation is used, we also prove existence, uniqueness, and
convergence of the schemes.

Theorem 4.2 (Monotone SL schemes). Assume (Al]), ([1)), (I2), (Y1), and ([4.2).
(a) There exists a unique bounded solution U of (3.3])—(3.4]).
(b) U converges uniformly to the solution u of (L.1)—(1.2) as At,k, Ang’" — 0.

Proof. (a) Existence and uniqueness follow by induction. Let ¢t = ¢,, and assume
U~ is a known bounded function. For & > 0 we define the operator T' by

TU;" = U} — € - (left hand side of (4.1)) for all jezM.
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Note that the fixed point equation U™ = TU™ is equivalent to equation (3.3]). By
the definition and sign of the B-coefficients (which do not depend on U" in this
proof!) we see that

TU} —TU}
< sup { {1 7 €<1 n Atﬁ(% _ lz,jﬁ,an(f _ C;v,ﬁ,nfua))] - an)
a,B

+ eAtne(% - z;ffv”—”@) U — U_"lo}

< (1 - 5[1 — At,0sup |ca”8’+|0D|U_" —U"o
a,p

for € such that 176(1+At0(%70?’ﬁ’n71+0)) > 0 and e(1-At,0sup, g lcvBtg) < 1
for all j,n,a, 8. Taking the supremum over all j and interchanging the role of U
and U proves that T is a contraction on the Banach space of bounded functions
on XA, under the sup-norm. Existence and uniqueness then follows from the fixed
point theorem (for U™) and for all of U by induction since U® = g is bounded.

(b) In view of the L>°-stability of the scheme (Lemma (¢)), convergence of U to
the solution u of (1.1))—(1.2) follows from the Barles-Souganidis result in [3]. O

5. EXAMPLES OF SL SCHEMES

5.1. Examples of approximations Lz’ﬁ . We present several examples of approx-

imations of the term L*#[¢] of the form LZ’ﬁ [¢], including previous approximations
that have appeared in [16} 20} [7, 1] plus more computational efficient variants.

1. The approximation of Falcone [16] (see also [9]),
Tazd(x + hba’ﬂ) — Iazé(x)
h )
corresponds to our LZ"’B if k = Vh, yg’ﬂ’i = k2b>P.
2. The approximation of Crandall-Lions [I1],

P a,B a,B
1 Tazd(x 4+ ko") — 2Za, () + Zasdp(a — ko")
- a,f a,8T N2 41 J j
2‘51‘[0 o D¢] =~ E e ,

j=1
corresponds to our L7 if y;’f’i = j:ka;"ﬁ and M = P.
3. The corrected version of the approximation of Camilli-Falcone [7] (see also [20]),

VP D ~

1
itr[ao"ﬁao"ﬁ TD2¢] + P D¢

P Tnot(z + Vho P + 8628 — 2Tp,4(2) + Tasd(z — Vho§’ + BbF)
2h ’

~
~

Jj=1

corresponds to our LZ‘”& if k =, y,?’]’.g’i = ika?’ﬁ + k—;bo‘vﬁ and M = P.
4. The new approximation obtained by combining approximations 1 and 2,

1
5tr[o—aﬁaaﬁ D% + b*P D¢

 Tacd(@ +K%°7) ~ Tas(@) 2": Tnod(z + ko) — 2Tnp (@) + Inop(z — ko”)

]{12 = 2k2 ’
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corresponds to our L7 if yaﬂi = ikao‘ﬁ for j < P,y = k2b*# and
M=P+1.
5. The new, more efficient version of approximation 3,

L Taad(@ + koP) = 2Tned(2) + Tasd(a — ko)

1
@B 0.8 T 2 a,B

St D?¢|+b*P D¢ ~ Z

Jj=1
| Iawdl +hop” + 126°%) - 2Tn06(x) + Taad(e — kop” + K207
2k? ’

corresponds to our L}’ B if Yo ) B,k ika;—"’@ for j < P, ygy’g’i = ikag’ﬁ + k2p>P

and M = P.

Approximation 5 is always more efficient than 3 in the sense that it requires fewer

arithmetic operations. The most efficient of approximations 3, 4, and 5, is 4 when
0P does not depend on «, 3 but b8 does, and 5 in the other cases.

2k2

5.2. Linear interpolation SL scheme (LISL). To keep the scheme mono-
tone, linear or multi-linear interpolation is the most accurate interpolation one can
use in general. In this typical case we call the full scheme f the LISL
scheme, and we will now summarize the results of Section [ for this special case.

Corollary 5.1. Assume that (A1) and (Y1) hold.
(a) The LISL scheme is monotone if the CFL conditions (4.2]) hold.

(b) The truncation error of the LISL scheme is O(|1 — 20| At + At? + k? + A,f; ),
so it is first order accurate when k = O(Az'/?) and At = O(Az), or if § = L,
At = O(Az'/?).

(¢) If 20 At sup,, 4 |c*P o <1 and hold, then there exists a unique bounded
and L*°-stable solution U of the LISL scheme converging uniformly to the solution

u Of "" as At7ka % — 0.

From this result it follows that the scheme is at most first order accurate, has
wide and increasing stencil and a good CFL condition. From the truncation error
and the definition of Lz”B the stencil is wide since the scheme is consistent only if
Az/k — 0 as Az — 0 and has stencil length proportional to

max [y vBTIV

t,z,a, B k
l:= AL NA—x%oo as Az — 0.

Here we have used that if holds and o # 0, then typically y,‘:f + ~ k. Note
that if k = Az'/2, then | ~ Az~'/2. Finally, in the case § # 1 the CFL condition
for is At < Ck? ~ Az when k = O(Ax'/?), and it is much less restrictive than
the usual parabolic CFL condition, At = O(Az?).

5.3. A high order SL scheme for monotone solutions. In this section we
introduce spatially second order accurate SL schemes | . . ) for non-degenerate
tensor product grids. These schemes are based on monotonicity preserving cubic
(MPC) Hermite interpolation [I7} [I5] and will be denoted MPCSL schemes in short.
They are consistent for monotone (in coordinate directions) solutions of the scheme,
but they are not monotone.
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The MPC interpolation is obtained by a careful modification of cubic Hermite
interpolation [I5], and for a function of one variable on the interval [z;, x;11] it takes
the form

(5.1) (Zaz0)(z) = ¢i + (¢ir1 — ¢i) Pi(x)

where

Az Ax

where «;, 8; are bounded coefficients depending on ¢;_2, ¢;—2, ..., ¢;y+3. The algo-
rithm is described in Appendix [A] Multidimensional interpolation operators are
obtained as tensor products of one-dimensional interpolation operators, i.e. by
interpolating dimension by dimension.

Remark 5.1. Rewriting Za,¢, we find that (Za,¢)(x) =Y, piwe i(x) for
’UJ¢>,Z‘(£U) = (1 - P’L(‘r))l[l’z,wl-{-ﬂ(‘%’) + Pi*l(x)l[mi—lqzi)(‘m)
and 1, »,,,1(%) is the indicator function that is 1 in [z, 2;11) and O otherwise. It

is immediate that >, we ;(z) = 1, and wg; > 0 since P;(z;) =0, Pi(z;41) =1, and
P; is monotone in between.

52 R@=al3 o a-2m) (T52) - (52

Lemma 5.2. The above monotonicity preserving cubic interpolation satisfies (127)).
If the interpolated function is strictly monotone between grid points, then holds
with v = 4 and the method is fourth order accurate.

Proof. Assumption holds by construction, see remark The error estimate
follows from [15], since the above algorithm coincides with the two sweep algorithm
given there when n = 1 interval is considered. In [I5] it is proved that this algorithm
gives third order accurate approximations to the exact derivatives and hence the
cubic Hermite polynomial constructed using this approximation is fourth order
accurate. (]

By Lemma and the results in Section [4 we have the following result:

Corollary 5.3. Assume (Al]), (Y1) hold, and that for all Ax € (0,1), solutions U
of the MPCSL scheme are such that Ia,U is strictly x-monotone between points in
the x-grid X az.

(a) The truncation error of the MPCSL scheme is

Azt

)

and hence the scheme is second order accurate in space when k = O(Ax) and first

or second order accurate in time when 6 # % or 6 = % respectively.
(b) If 20Atsup,, 4 |c*F|o < 1, then the solution U is L>-stable.

O<|1 — 20| AL+ AP + K +

6. DISCUSSION

6.1. Comparison with the scheme of Bonnans-Zidani (BZ). In [0] (see also
[0, [4]) Bonnans and Zidani suggest an alternative approach to discretize degenerate
diffusion equations. Their idea is to approximate the diffusion matrix a®? by a
nicer matrix ag’ﬁ which admits monotone finite difference approximations. For
every k € N they find a stencil
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Spc{e=(6,....en) € ZN 0<r§1:]¥i1x|§i|§k, i=1,...,N}

and positive numbers ag”g such that

o = Y e
€S,

This leads to a diffusion term that is a linear combination of directional derivatives
which are again approximated by central difference approximations,

tefa® D] ~ trlay "D%9) = 3 aif Dio~ Y i Aco,
£ESK £eSy

where Dg =tr[¢¢TD? = (¢- D)? and

Acw(zx) (x4 EAx) — 2w(x) + w(x — EAx)}.

ol
= ——{w
[§[2 A
This approximation is monotone by construction and respects the grid. In two space
dimensions, ag’ﬂ can be chosen such that [a®# — az’ﬂ = O(k™2) (cf. [A]), and then

it is easy to see that the truncation error is
O(k™% + k*Ax?).

When b*# = 0, the BZ scheme can be obtained from (3.3) by replacing our
Lz’ﬂ by the above Bonnans-Zidani diffusion approximation. This scheme shares
many properties with the LISL scheme, it is at most first order accurate (take
k ~ Axz=1/2) it has a similar wide and increasing stencil, and it has a similar good
CFL condition At < Ck?>Ax? (~ Az when k ~ Az~'/?). To understand why the
stencil is wide, simply note that k& by definition is the stencil length and that the
scheme is consistent only if & — oo and KAz — 0. The typical stencil length is

k ~ Az~1/2 just as it was for the LISL scheme.
The main drawback of this method is that it is costly since we must compute the

matrix azﬁ for every z, t, r, 8 in the grid. In the fast two dimensional implementation
in [5], the number of operations for computing the coefficients for a fixed z, ¢, a, § is
O(k) and thus goes to infinity as k — oo in bad cases. The LISL scheme is easier to
understand and implement and is faster in the sense that the computational cost for
approximating the diffusion matrix for fixed x,t, o, 8 is independent of the stencil
size. Later we will see some numerical indication that the LISL scheme could be
faster than the BZ scheme in some test problems.

The MPCSL scheme in the typical case when k = Az, is a second order accurate
in space and compact stencil scheme having the usual (not so good) CFL conditions
for parabolic problems At ~ k? = Az2. When it can be used, it is far more efficient
than the other two schemes, see Section [0] However there is no proof that the
method will converge to the correct solution, and it is formally convergent only when
the exact solutions are essentially monotone, meaning monotone at least between
grid points. Both the BZ and LISL schemes “always” converge.

6.2. Boundary conditions. When solving PDEs on bounded domains, the SL
(and BZ) schemes may exceed the domain if they are not modified near the boundary.
The reason is of course the wide stencil. This may or may not be a problem depending
on the equation and the type of boundary condition: (i) For Dirichlet conditions
the scheme needs to be modified near the boundary or boundary conditions must
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be extrapolated. This may result in a loss of accuracy or monotonicity near the
boundary. (ii) Homogeneous Neumann conditions can be implemented exactly by
extending in the normal direction the values of the solution on the boundary to the
exterior. (iii) If the boundary has no regular points, no boundary conditions can
be imposed. In this case the SL schemes will not leave the domain if the normal
diffusion tends to zero fast enough when the boundary is approached. Typical
examples are equations of Black-Scholes type.

6.3. Interpretation as a collocation method. In the case the functions wg ; in
do not depend on ¢ (and form a basis), the scheme (3.3)-(3.4) can then be
interpreted as a collocation method for a derivative free equation, this is essentially
the approach of Falcone et al. [16] [7]. The idea is that if

WAI(QT) = {u : u is a function on Qr satisfying u = Za,u in QT}

denotes the interpolant space associated to the interpolation Za,, equation (3.3))
can be stated in the following equivalent way: Find U € WA%(Qr) solving

0, 0,

(6.1) oa¢, U = 1nf sup {LQ’B[U n]" 0 e o,fm= 1+eU n—i—f @fm— 1+9} in G.
acA BeB

In general WA can be any space of approximations which is interpolating on the

grid X a4, e.g. a space of splines, but we do not consider this generality here.

6.4. Stochastic game/control interpretation. The scheme f can be
interpreted as the dynamical programming equation of a discrete stochastic differen-
tial game. We will explain this in the less technical case when B is a singleton and
the game simplifies to an optimal stochastic control problem.

Assume that holds, and for simplicity, that ¢®(¢,z) = 0 and the other
coefficients are independent of ¢. Then it is well-known (cf. [27]) that the (viscosity)
solution u of f is the value function of the stochastic control problem:

(6.2) w(T —t,x) = min E / fots) derg(XT)}
a( )EA

where A is a set of admissible A-valued controls and the diffusion process X, =

Xﬁ’z’a(') satisfies the SDE

(6.3) X,=z and  dX, =0 (X,)dW, +b*ds for s>t

This follows from dynamical programming (DP), and is called the DP equation
for the control problem 7. Similarly, the schemes f are DP
equations (at least in the explicit case) of suitably chosen discrete time and space
control problems approximating f. We refer to [19] for more details.

We take the slightly different approach explored in [9, [16, 20, [7] to show the
relation to control theory. The idea is to write the SL scheme in collocation form
and show that is the DP equation of a discrete time continuous space
optimal control problem. We illustrate this approach by deriving an explicit scheme
involving LY as defined in part 4 Section [5.1] E Let {to = 0,t4,.. tM = T} be
discrete times and consider the discrete time approximation of . given by

(64) AT~ tyx) = min B[ 3 1 (%) Aty +9(Kar)].

aCAps P
=m
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(6.5) Xpm=xz, Xp,=Xp,_1+0% (Xn_l) kp&p + 097 (Xn_l) k2 nn, n>m,
where k, = /(P + 1)At,, Ay C A is an appropriate subset of piecewise constant

controls, and &, = (§n1, - - - ,fnwp)—r and 7,, are mutually independent sequences of
i.i.d. random variables satisfying

1 e
P((ﬁn,l,...,fn,Pann)::I:ej):m 1f]€{1,...,P},
1
P((fmlw-wfn,P’nn) = €P+1) = m,

(e; denotes the j-th unit vector) and all other values of (§,1,...,&n,p,nn) have
probability zero. Here we have used a weak Euler approximation of the SDE coupled
with a quadrature approximation of the integral. By DP

n—1
(T — typ, ) = min E{ Z fa’“(f(k) Atppr +a(T — tn, Xn)| forall n>m,
aEAMm .

and taking n = m+1, spyem =T — tim, DSy = S — Sm—1, km = kn—m, and
evaluating the expectation using (6.5)), we see that

W(Spr—m,x) =

. o ]_Clz\l—m—l a
min { (@) Ao+ LR,

where L¢ is as in Section part 4. If we subtract @(spr—m—1,) from both sides

and divide by Aspr_p = k”ﬁ;ﬁ‘ﬂ we find (6.1)) with 6 = 0.

In [7], a similar argument is given in the stationary case for schemes involving
the L of part 3 Section In fact it is possible to identify all L{’s appearing in
Section [5.1] with DP equations of suitably chosen discrete time continuous space
control problems. However assumption (Y1) is not strong enough for this approach

to work for the general L{ defined in Sections [3] and

@) (521m-1,@) + Wsnr—m1,) |,

Remark 6.1. A DP approach naturally leads to explicit methods for time dependent
PDEs. But implicit methods can be derived from a trick: Discretize the PDE in
time by backward Euler to find a (sequence of) stationary PDEs and use the DP
approach on each stationary PDE. This leads to an implicit iteration scheme since
the DP equations of stationary problems are always implicit.

Remark 6.2. By the definition of L§ and , T+ yg}ci can be seen as a short time
approximation of . Hence the scheme tracks particle paths approximately.
In view of the discussion above we might say that the scheme follows particles in
the mean because of the expectation. For first order PDEs, schemes defined in this
way are called SL schemes by e. g. Falcone. Moreover, in this case our schemes will
coincide with the SL schemes of Falcone [16] in the explicit case. This explains why
we choose to call these schemes SL schemes also in the general case.

7. ERROR ESTIMATES IN THE MONOTONE CONVEX CASE

We derive error bounds when Za, is monotone and B is a singleton and hence
(1.1) is convex. It is not known how to prove such results in the general case. In
the following we do not indicate the trivial § dependence any more and we take
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a uniform time-grid, G = At{0,1,..., Nr} X Xa,, for simplicity. Let Qa¢r =
At{0,1,..., N7} x RY and consider the intermediate equation

(7.1) oatV"(z) =

inf { LOV""(t, 2) + o (t, 2)V " (@) + fo‘(t,x)} in RV
acA t=tn_—1+0
for n =1,2,3,..., with initial condition

(7.2) V(0,z) = g(xz) in RV,
Lemma 7.1. Assume that and the CFL condition (4.2)) hold and that sup,, |V"|; <

Cy. If V solves (7.1)—(7.2)) and U solves (3.3)—(3.4), then
A
U - V| gck—f in G.
Proof. Let W = U — V and subtract the equation for V' from the one for U to find

W < W' + At sup {Lk [IAche .
acA

4 L [Ta V" =V W} in G

|- 1+9+c<”"_1+9W0’”
k2

% i

Let C. = max, [¢®T|o. If W* > 0, we rearrange using

[ZarV™ ~ V"o '\Z -V ]<|ij Wy = vl

< Ax|V”|1‘ ij(-)‘o B Az,
J

to see that
(1 + HAt(g - Cc))Wf
< WP+ A sup {H(Lﬁ [Zaa W0 + %Wi">

(1= 0) (LR Tan W40 4 0w 1) |
A
+2Atsup\V”|1k—;§ in G.

By the CFL condition , the coeflicients of the above inequality are all non-
negative. Hence since W™ < |W™|q := sup, |W/"|, we may replace W™ by |W"|y on
the right hand side. Moreover, since Za,|W"|o = [W"|o and L[|[W"|o] = 0, the
upper bound on the right hand side then reduces to

(1+ A1 —0)C)W™ o + 0At—|W"\o + 2CVAtAx

If W* <0, then the same bound also holds for —W}*, and hence
M n n— n

(14+At0(27 =Ce)) W™ o < (1+AH(1=0)Ce)[W 1|0+9At W |o+QCVAt TAt.

Since W% = 0 in X, an iteration then reveals that

Az S 1+ At(1—0)C. Az Cut
n < "
(W"|o <20y At—- 2 E 1 (—1 10C. ) n 7z —-4Cve
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when At is small enough, which implies the lemma. O

Next we estimate |V —u|, where u solves (L.1)~(L.2), by the regularization method
of Krylov [I§]. To do that we need a continuity and continuous dependence result
for the scheme that relies on the following additional (covariance-type) assumptions:
Whenever two sets of data o, b and 5,5 are given, the corresponding approximations

Lg,yg”f and ig,g,‘jf in (3.1) satisfy

M
STl ] = et g < 2k 00 - b9,
i 1
(Y2) Zy?fy;i‘z”wk, v T et T g
=1
[yzé:_y;::_—r +ygl+yg’b+—r +yk‘7, glcc“z +gl?77, ,i_ T]
< 2K (0% — 5°) (0™ — %) T+ 2k1(b™ — b) (b — b™) T

when o, b, y,:f are evaluated at (¢, z) and &, b, gj,f are evaluated at (t,y) for all ¢, z,y.
In Section [§] we will prove the following error estimate.

Theorem 7 2 Assume that B is a singleton, that , , , and the CFL
conditions ) hold, and that k € (0,1) and At < (2I<;0 A2k)" L Ifu and V are

bounded solutions of (1.1)—(1.2) and (7.1)—(7.2)), then

IV —u < C(1 - 20|A* + AL+ kY2) in Qarr.

It also follows from the regularity results in Section I (see Proposition [8.4] E that
V™1 < 2C7T, so by Lemma and Theorem |7 - 7.2| we have the following result.

Corollary 7.3 (Error Bound Under (| .) .D and the assumptions of Theorem
if u solves . and U solves (3.3 , then

lu—U|<|u—V|+|V-Ul<C(1- 20|At1/4 + A3 4 kY2 4 %) i G.

This error bound applies to the LISL schemes, and it also holds for unstructured
grids. For more regular solutions it is possible to obtain better error estimates,
but general and optimal results are not available. The best estimate in our case is
O(Az'/%) which is achieved when k = O(Axz?/%) and At = O(k?). Note that the
CFL conditions already imply that At = O(k?) if < 1. Also note that the
above bound does not show convergence when k is optimal for the LISL scheme
(k = O(Ax'/?)).

Remark 7.1. These results are consistent with results for special LISL type schemes
for stationary Bellman equations. In fact if all coefficients are independent of time
and ¢®(x) < —¢ < 0, then by combining the results of [7] and [I], exactly the same
error estimate is obtained for the solution of a particular stationary LISL scheme
and the unique stationary Lipschitz solution of .

8. PROOF OF THEOREM
We start by an existence and uniqueness result.

Lemma 8.1. Assume that (Ad]), (Y1), and the CFL conditions ([{£.2)) hold. Then
there exists a unique solution U € Cy(Qr,ae) of (7.1)—(7.2).
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The proof is similar to (but simpler than) the proof of Theorem with the
modification that the fixed point is achieved in the Banach space Cy(RY) instead of
the space of bounded functions on Xa,.

We now give a result comparing subsolutions of to supersolutions of

(8.1)

baU"(2) = inf {LE0""](t,2) + & (L) 0" + Fo(t,0) ) in RN, n > 1,

inf
acA t=tn_146

U(0,x) =g(z) in RY,
where Zg is the operator defined in (3.1), (Y1), (Y2) when o%, b* are replaced by

5o, b,

Theorem 8.2. Assume that (Al)), , 4.2)) hold for both (7.1) and (8.1). If
U € C(Qr,at) is a bounded above subsolution of (7.1) and U € C(Qr,a¢) a bounded

below supersolution of (8.1), then for all k € (0,1), At < (ko A k)"t A QL—E (see
below), z,y € RV, n € {0,1,..., Nz},

U(tnax) - 0(tn7y) < Rko (tn)I(U(Ov ) - U(Oa '))+‘0
+ Rko (tn)Rkl (tn)(LO + tnL)‘I - y|

+ tn Ry (tn) sup [1(f = H)Flo + (U0 A 1Tlo)le = &lo]
ae
+ 422K sup [|b—blo + |o — &lo]
acA

where Ry (t) = 1/(1 — kAt)YAY Ko < Ry, (T) Ry, (T) (Lo + TL),
Lo=[ghVIgh+1, L=(c]VvI[E)(UloATl)+ £V [,
k= SSL;p{[UO‘]f + [b°]3 + 1}

ko = sup | T]o
«

Remark 8.1. The function Ri(nAt) = 1/(1 — kAt)™ satisfies dat R (tn) = kRg(tn),
Rk(O) = 17 and Rk(tn) S €2kt" When At S i

This is a key result in this paper, and the proof is given in Appendix Bl In the
stationary case, results of this type have been obtained in [T}, 8] for simpler schemes.
The result is a joint uniqueness (take (Er,l;, ¢ f, g) = (o,b,¢, f,g)), continuous
dependence (take x = y), boundedness, and z-Lipschitz continuity result:

Corollary 8.3. Under the assumptions of Theorem if k € (0,1) and At <

(2ko A 2k1)~ 1, then any bounded solution U € Cy(Qr.at) of (7.1) satisfies

(1) |U(tn, o < €2 (|glo + tnsup, | f*[o),

(i) Ut x) = Ultn, y)| < e2Fothin(Lo 4 ¢, L)z —y],

where the constants, which are defined in Theorem[8.3, are independent of k, At, Ax.

Proof. Part (i) follows from Theorem 8.2 (with = y) and Remark [8.1] since U=0

satisfies (8.1) with (6%,b*,é%, f*,g%) = (0*,b%,¢*,0,0). Part (ii) follows by taking

U=U and z #y. O
Now we extend the scheme (|7.1)) to the whole space Q7. One way to do this

and to obtain continuous in time solutions is to pose initial conditions on [0, At) by
interpolating between g(z) and U(At,x) where U is the solution of (|7.1)—(7.2).
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0

(82)  daV(ta)= inf {Lg[v (t, )]t 2) + (¢, )V (¢, ) + fa(te,m)}

in (At,T] x RV,
83) V()= (1- o)+ UdLz) i [0,Af xRV,
’ At At ’ ’
where Ve(t,x) =(1-0)V(t—At,x) +0V(t,z) and t? =t — (1 — §)At. From the
previous results for U the existence, uniqueness, and properties of V' easily follow.

Proposition 8.4. Assume that (A1), (Y1), , and the CFL conditions (4.2))
hold, and that k € (0,1) and At < (2ko A 2k1)~? .

(a) There exists a unique solution V € Cyp(Qr) of (8.2)—(8.3).

(b) There is a constant Cr > 0 independent of k, At, Ax such that

(i) [Vl <Cr,
(i) [V(t,2) = V()| <Crlz—y| foral tel0,T], z,y,€ RY,
(iil) |V (s1,2) — V(s2,2)| < Crl|sy — s2|"/?  for all s1,s, €[0,T), z,€ RV,

(c) Let V € Cy(Qr) and V € Cy(Qr) be sub- and supersolutions of (8.2))(8.3)
corresponding to coefficients (o®,b%, ¢, f*, g) and (6,b%,¢%, f, ) respectively.
Then there is a constant Cp > 0 independent of k, At, Ax such that for all t € [0,T],

V(t,) = V(t, Mo < Cr(lg = o + tsupl(Ulo A 110} |e® = 2o + 1 ~ o]
/2 supllo® = 5o + b = Bo]).

Proof. First note that the initial data on [0, A¢] is uniformly bounded and Lipschitz
continuous in z and ¢ by construction and Corollary

(a) Existence of a bounded z-continuous solution follows from repeated use of
Lemma [8.1] since we have initial conditions on [0, A¢]. Continuity in time follows
from Theorem (with = y) since the data is t-continuous.

(b) Part (i) and (ii) follow from Corollary [8.3|since the initial data is uniformly
bounded and a-Lipschitz in [0, At]. To prove part (iii) we assume s; < so and let
U(t, ) and U(t, ) solve (8.2) with data (o (t+s1,2), b*(t+s1, ), ¢ (t+s1, x), f*(t+
s1,x),V(s1,2)) and (0,0,0,0,V (s1,x)) respectively. Note that for t € [0,T — s1],
U(t,z) = V(sy,z) and U(t,x) = V(t + s1,2) where V is the unique solution of
7. By part (c) we then get

V(t+s1,-) = V(s1,)lo = [U(t,-) = U(t,-)]o
gCT(o+tsup[|fa|0+\V\0|ca|0]+t1/25up[|aa|o+|ba|0]) for t>0,

and hence part (iii) follows.

(¢) Note that by construction of the initial data and Theorem m with x = y,
the result holds for ¢ € [0, At], and then the result holds for any ¢ > At by another
application of Theorem with x = y. ([

Using Krylov’s method of shaking the coefficients [I§], we will now find smooth
subsolutions of (8.2)). First we introduce the auxiliary equation
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(8.4) daVE(t,z) = inf {L%htfffaeﬁ,)Kr—ks,x—%e)
0<s<e?
le]<e
acA
+c(r+s,x+ 6)7579(@96) + f(r+s,z+ e)} oA in (At,T] x RV,
r=t’—At—e

@mvwm:@_ép@+£W@m)mmAmmM

where T.¢(t,z) = ¢(t,x + e) and V=(At,z) is obtained by first solving for
discrete times ¢, = nAt. For this equation to be well-defined for t € (At, T, the
data and yz‘f must be defined for t € (—At — &2, T + 2]. But this is ok since one
can easily extend these functions to t € [—r,T + r| for any r > 0 in such a way that

(A1), (Y1), (Y2) still hold. Also note that
0 1 < 9
. =€, 175 o,
86) Ll V() +s,a+e) = 5> {V (e +yil (r+s,a+e)
i=1

7750 —¢,0 a—
=2V (L) + V(L gy (r+s,a:+e))},

and hence (8.4)) is an equation of the same type as (8.2]) (with different A and shifted

coefficients) satisfying (A1), (Y1)}, (Y2) whenever (8.2)) does.
By Proposition there is a unique solution V¢ of (8.4)—(8.5)) in [0,T + At +
e2] x RN, Let Us(t,x) := V&(t + At + £2,z) and define by convolution,

(8.7) Uc(t,x) = /]RN /000 Us(t — s,z — e)pe(s,e)dsde,

where € > 0, p.(t,2) = = p(%, L), and

peCEEY), p20, swpppc O x el <1), [ plepde=1.

RN

Note that U, is well defined on the time interval [—-At¢, T|. By the next result it is
the sought after smooth subsolution of ({8.2]).
Proposition 8.5. Under the assumptions of Proposition[8.4, the function U, defined
in (8.7) satisfies
(i) U. € C®((—=At,T) x RN), |U.|y < C, |D™OrU.|o < Cet~™=2" for n,m € N.
(ii) If V is the solution of (8.2)(8.3), then |U. — V| < C(e + At'/2) in Qr.
(11i) U is a subsolution of (8.2) in Q7.

Proof. The regularity estimates in (i) are immediate from properties of convolutions
and the regularity of V. The bound on U, — V (in [0,7]) in (ii) follows from

Proposition (c) and which imply
[V —V]o < Cle + AtY/?),
and regularity of V¢ along with properties of convolutions,
Ue = Vo < |U= = USlo + [VE(- + At +€%) = VEJo < [Vela(e + A2,
To see that U, is a subsolution of 7 first note that from the definition of U¢ and
it follows that

SacUS(t, ) < Lo U’

(t,)](t° + 5,2 +e)
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Lt s,z )T (tx) + fO(t0 + 5,7+ )

for all (t,z) € [—€2,T] x RV, |e|,s? < ¢, and a € A. Now we change variables from
(t+s,x +e) to (t,z) to find that

SadUS(t — s, —€) < Le[r_T ' (t — s,)](t%, )
+ co‘(te,x)UE’g(t —s,x—e)+ fo(t% 2)

for all (t,x) € [0,T] x RY, |e|, s> < ¢, and a € A. Then we multiply by p.(s,e) and
integrate w.r.t. (s,e). To see what the result is, note that

M
@ £ 1 € a,
LylroU%(t =5, ))(r2) = 35 > {U (t— s,z +yot (rz) —e)
=1

—2US(t — s,z —e) + U (t —s,x +yp; (r,@) — e)},
and hence
//Lg [T_U(t — s, )](r,z)pe(s,€) dsde = LE|U(¢, )| (r, z).
For the whole equation we then have
SarUe(t ) < LRU2(6 ), @) + () U2 (k) + (¢ @)

for all (t,z) € Qr and a € A. Since this inequality holds for all «, it follows that
U, is a subsolution of (8.2) in all of Q. O

We are now in a position to prove the error estimate given in Theorem

Proof of Theorem[7.3. Let U, be defined in (8.7)). By Proposition[3.5(i) and Lemma
(a)
AU, — inf {La[ﬁﬁ(t,.)](te,x) e (t0, )T (t, ) + fo‘(te,x)}
[1— 26|
2
+ (IDULo + -+ + [D*Uclo) 1}

< 02U lo At + C{(102U|o + 0Tl + [0 DUy + 02 DU, |o) At

< c{u — 20|e3AL+ e TIAL + 573192}
in Qr. Moreover, by Proposition (ii),
g(x) = U(0,2) > U(0,2) — C( + At'/?).
It follows that there is a constant C' > 0 such that
U. — Ce™Pa IC”W{g + A2 4 t<|1 — 2|eSAL+ e TIAL + 5*31@2) }

is a classical subsolution of (1.1))—(1.2]) with time shifted coefficients. By continuous
dependence and the comparison principle

U. — Ce*Pa |0”|°t{e + A2 4 t(|1 —20|e At + e PAL + s*%z)} <wu in Qr,
and hence by Proposition (i),
U—u=U-U)+ (U —u) < C{E + A2 41— 201 At + e TPAL + 5_3k2}.
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‘We minimize w.r.t. € and find that

1/4 1/2 ;
uUS{C(At FEY2)if Q£

CARB L) g1 M 9T

N = N[

The lower bound on v — U follows with symmetric — but much easier — arguments
where a smooth supersolution of the equation is constructed. Consistency and
comparison for the scheme is then used to conclude. In view of Lemma
the lower bound is a direct consequence of Theorem 3.1 (a) in [2]. O

9. NUMERICAL RESULTS

In the following, we apply the LISL and MPCSL schemes to linear and convex
test problems in two space-dimensions, and hence have no dependence of 8. For
the LISL scheme, we choose k = v/Az and a regular triangular grid, whereas for
the MPCSL scheme we choose £k = Az and a regular rectangular grid. If not
stated otherwise, we use # = 0 (explicit methods), CFL condition At = k2, and
approximation for L*#. As error measure we will always use the L>-norm,

In [|e;||—In [|e;— :
and the error rates are calculated as r; = - HHA‘E'H*IE “Zm_ll‘lu. All calculations are

done in Matlab, on an INTEL(R) Core(TM)2 Duo P8700, 2.54Ghz Laptop.

9.1. Linear problem with smooth solution. Our first problem is taken from
[5] and has exact solution u(¢,z) = (2 — t) sin 1 sin x4, its coefficients in (1.1)) are

fo(t,x) =sinzy sinxo[(1 +28%)(2 — t) — 1]

—2(2 —t) cosxy cos xo sin(xq + 2) cos(x1 + x2),

(ta) =0, b (ta) =0,  o%(tx) = V2 (zg;((f;l iﬁz)) /g g) .
We consider 32 = 0.1 and 3 = 0. Note that in the second case, the scheme considered
in [5] is not consistent. Table|l|gives the (spatial) errors and rates obtained at ¢t = 1
applying the LISL and the MPCSL scheme, as well as the CPU time needed. As
the solution is linear in ¢, one time step suffices.

As expected for smooth solutions, in both cases we obtain order one for the
LISL scheme and order two for the MPCSL scheme, and the CPU time needed is
proportional to the number of grid points Aiz . Here, we have chosen the grid points
such that the solution is monotone in between. If not, we would get order one for
the LISL scheme but no convergence for the MPCSL scheme (see Section [5.3).

9.2. Linear problem with non-smooth solution. The second problem we test

has a non-smooth exact solution
o X9 |sinZ for —m<ax; <0
u(t,x):(1+t)81n22{ 2 P

sin% for0<az <m

in [—7, 7]? and coefficients in (1.1 given by
ot 7) = sinﬂ {sin””21 (1 + %(Sin2 21 + sin? 1‘2)) for —m<z1 <0

2 |sinZ(1+ :ll—Jg\t(Sin2 z1 +4sin’z,)) for0<az; <

—sinzy sinxg cos — § 3,

2 | cosZ forO0<zy <7

9 %COS%1 for —m<z1 <0
1 1
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(1) B2 =0.1

Az LISL MPCSL
error rate timeins | error rate timeins
3.93e-2 | 3.79e-2 0.07 | 1.03e-3 0.11
1.96e-2 | 1.93e-2 0.97 0.30 | 2.57e-4 2.00 0.54
9.82e-3 | 9.45e-3 1.03 1.53 | 6.42e-5 2.00 3.75
4.91e-3 | 4.50e-3 1.07 6.25 | 1.61e-5 2.00 15.16
2.45e-3 | 2.43e-3 0.89 24.77 | 4.01e-6  2.00 62.02

(B) B=0

Ax LISL MPCSL
error rate timeins | error rate timeins
3.93e-2 | 3.94e-2 0.04 | 1.03e-3 0.06
1.96e-2 | 1.98e-2 0.99 0.14 | 2.57e-4 2.00 0.24
9.82e-3 | 9.94e-3 0.99 0.68 | 6.43e-5 2.00 1.47
4.91e-3 | 4.70e-3 1.08 2.61 | 1.61e-5 2.00 5.94
2.45e-3 | 2.45e-3 0.94 10.64 | 4.02e-6 2.00 25.29

TABLE 1. Results for the smooth linear problem at t = 1, grid
adapted to monotonicity

sin To

Eta) =0,  b(La) =0,  o°(tx) = V2 (Sml) ,

and we pose Dirichlet boundary conditions. This is a monotone non-smooth problem,
and we obtain order one half applying the LISL scheme and order one applying the
MPCSL scheme, i.e. reduced rates, see Table [2l Again, one time step suffices, and
the CPU time needed is thus proportional to ﬁ.

Azx LISL MPCSL

error rate timeins | error rate timeins
7.76e-2 | 1.24e-2 0.02 | 7.56e-3 0.03
3.90e-2 | 8.75e-3 0.51 0.04 | 4.19e-3 0.86 0.06
1.96e-2 | 6.19e-3 0.50 0.14 | 2.20e-3 0.93 0.28
9.80e-3 | 4.38e-3 0.50 0.76 | 1.12e-3 0.97 1.79
4.90e-3 | 3.10e-3 0.50 2.99 | 5.69e-4 0.98 7.16
2.45e-3 | 2.19¢-3 0.50 11.48 | 2.86e-4 0.99 28.66

TABLE 2. Results for the non-smooth linear problem at ¢ = 1

9.3. Optimal control problems with smooth solutions.

(A) We test an example from [5] with exact solution u(t, z1,z2) = (2 — t) sinz; sin z,.
The corresponding coefficients and control set in (|1.1]) are

1 3
fo= (2 — t) sinxq sinxgy + (2 — t) [\/c052 T1 sin? Lo + sin? 21 cos2 Ty
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— 2sin(xy + x2) cos(z1 + x2) cos 1 cos xQ] ,

o _ o _ o _ sin(z; + x2) _ 2. 2 2 _

=0, t*=a, o \/§<COS($1+JJ2) , A={aeR*: af + a5 =1}
As 0% does not depend on « but b does, we choose approximation 4] for
L8 and thus need only about half of the number of interpolations we would
need if we had chosen approximation [5.1][5]

(B) The next test problem has exact solution u(t,x1,x2) = (2 — t) sinzq sinzs and
coefficients and control set given by

fet,z) = (1 —t)sinzy sinwy — 20q302(2 — ) cos x1 cos xa,
(t,x) =0, b(t,x,a)=0, o%=+2 <31> , A={aecR?: o +a3=1}.
2

In both examples, due to the solution being linear in ¢, one time step suffices.
The results at t = 0.5 are given in Table |3] where again the grid is adapted to
monotonicity. As expected for smooth solutions, the LISL scheme yields a numerical
order of convergence of one, whereas the MPCSL scheme yields order two. The CPU
time is now proportional to A%cg,, reflecting that we use % grid points to discretize
the control.

(a)

Az LISL MPCSL
error rate timeins | error rate timeins
3.93e-2 | 3.01e-2 2.00 | 8.40e-4 4.74

1.96e-2 | 1.61e-2 0.91 23.22 | 2.12e-4 1.98 53.06
9.82e-3 | 8.03e-3 1.00 268.64 | 5.30e-5 2.00 743.35
4.91e-3 | 3.94e-3 1.03 2161.63 | 1.33e-5 2.00  5995.62
2.45e-3 | 2.03e-3 0.96 17366.16 | 3.32e-6 2.00 48150.42

(B)

Ax LISL MPCSL
error rate timeins | error rate timeins
3.93e-2 | 2.18e-2 4.31 | 5.14e-4 9.51

1.96e-2 | 1.07e-2 1.03 49.49 | 1.29e-4 2.00 109.50
9.82e-3 | 5.45e-3 0.97 571.99 | 3.21e-5 2.00 1515.24
4.91e-3 | 2.55e-3 1.10  4608.88 | 8.03e-6 2.00 12241.84
2.45e-3 | 1.34e-3 0.92 36995.81 | 2.0le-6 2.00 98378.95

TABLE 3. Results for optimal control problems at ¢ = 0.5, grid
adapted to monotonicity

9.4. Convergence test for a super-replication problem. We consider a test
problem from [4] which was used to test convergence rates for numerical approxima-
tions of a super-replication problem from finance. The corresponding PDE is
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(9.1)
inf {a?ut(t,x) - %tr (ga(t’.x)o'aT(t’x)DQ,u,(t,x))} — f(t,2), 0<mi,a2<3

2 2_
a1+a2_1

with o(t,z) = ATIVT2Y g n(z) = z(3—x). We take u(t, ) = 1+12 —e i
azn(z2)
as exact solution as in [4], and then f is forced to be

1 1
flt,x) == (ut - fa:%xguxlxl — —22(3 - x2)2ux2x2

2 2 2

2

2
1 1
_\/<_Ut + ix%I‘qulacl — 51‘%(3 - -T2)2u;v2;v2> + (xl VT3 (3 — x2)uw1w2>

In [] n(z) = z, while we take n(z) = (3 — x) to prevent the LISL scheme from
overstepping the boundaries. Note that changing n does not change the solutions as
long as n > 0 in the interior of the domain, see [4], and hence the above equation is
equivalent to the equation used in [4]. The initial values and Dirichlet boundary
values at 1 = 0 and 23 = 0 are taken from the exact solution. As in [], at
x = 3 and y = 3 homogeneous Neumann boundary conditions are implemented.
To approximate the values of oy, s, the Howard algorithm is used (see [4]), which
requires an implicit time discretization, so we choose § = 1. As stop criterion of
the iterations we require that the change of the maximal component and the sum
over all components of the residual in Howard’s algorithm are both smaller than
0.01. The minimization is done over oy j, + iag) = €>™*/2Naz = 1 ... Na,,
where Na, = 3/Ax is the number of space grid points in one dimension. The linear
systems involved are solved by the standard MATLAB back slash operator, using
internally UMFPACK [13]. The numbers of time steps are chosen as ~- for the
LISL scheme and Aﬁﬁ for the MPCSL scheme, respectively.

The results at ¢t = 1 are given in Table Again, the numerical order of
convergence is approximately one when the LISL scheme is used and approximately
two for the MPCSL scheme. The CPU times are better than expected for both the
LISL and MPCSL schemes: They get multiplied roughly by 10 when Az is divided
by 2, a property which can also be observed in [4]. The reason is that the Howard
algorithm needs fewer iterations when the time step becomes smaller.

(A) LISL () MPCSL
Ax ‘ error ‘ rate ‘ time in s Ax ‘ error ‘ rate ‘ time in s
1.50e-1 | 2.01e-1 0.71 3.00e-1 | 8.21e-2 1.40
7.50e-2 | 9.49e-2 | 1.08 5.52 1.50e-1 | 1.83e-2 | 2.17 11.38

3.75e-2 | 4.29¢e-2 | 1.15 59.32  7.50e-2 | 5.03e-3 | 1.86 124.25
1.87e-2 | 1.94e-2 | 1.15 803.26

TABLE 4. Results for the convergence test for the super-replication
problem at t =1

Remark 9.1. Equation (9.1)) can not be written in a form (1.1) satisfying the
assumptions of this paper, so the results of this paper do not apply to this problem.
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However, it seems possible to extend the analysis of Section [] to cover this problem
using comparison results from [4] along with L*°-bounds on the numerical solution
that follow from the maximum principle. Because of the unusual structure of ,
this analysis is not standard and outside the scope of this paper.

Remark 9.2. If we compare naively these results to the results of [4], we find that
the LISL and MPCSL schemes are about 10 and up to a 1000 times faster than the
method of [4]. Of course, this comparison is not fair, e.g. it could be that a less
efficient linear solver is used in [4].

APPENDIX A. MONOTONICITY PRESERVING CUBIC INTERPOLATION

To define this type of interpolation, we start by a 1D function ¢. For each
sub-interval [x;,z;11], ¢ € Z, we construct a cubic Hermite interpolant
Tad(z) = o+ cr(x — 2;) + co(x — 24)% + es(x — 2;)3

fulfilling

Tned(@i) = biy  (Zaxd) (i) = diy Inzd(®iz1) = ¢iv1, (Zazd) (ip1) = diga,
where ¢; = ¢(x;) and d; is an estimate of the derivative of ¢ at x;. It follows that
_ 3A; —dip1 — 2d; 2A; —dip1 — d;
N Az ’ Ax? ’

where A; = . To get a fourth order accurate interpolant, ¢, must be at least
third order accurate, and we take the symmetric fourth order approximation

Gi—o — 8Pi—1 + 8it1 — Piyo
12Azx ’

The resulting interpolation is not monotonicity preserving. Necessary and sufficient
conditions for preserving monotonicity were found by Fritsch and Carlson [I7] (see
also [26]): If A; = 0, then monotonicity follows if and only if d; = d;+1 = 0, and if

(A1) co=¢i, ca=di c2

C3 =

Qit1—i
Ax

(AQ) d; = 1 € Z.

dit1
Bi = At ;
then monotonicity for A; # 0 follows if and only if (o, 5;) € M = M. U M, where
M, ={(a,8): (=1 +(a=1)(B-1)+(B-1)*=3(a+5-2) <0},
My={(a,p): 0<a<3, 0<3<3}.

o = — and

Eisenstat, Jackson and Lewis [15] give an algorithm that modifies the derivative
approximation d; such that the above conditions are fulfilled, and for monotone
data the resulting interpolant is a C! fourth order approximation. We will only
consider C? interpolants, and in that case their algorithm simplifies to the following
steps to compute (Za,¢)(z) on the interval [x;, z;41]:

Step 1 Compute the initial d; using (A.2).
Step 2 Compute A;. If A; # 0 compute «; and §;, else set a; = 3; = 1.
Step 3 Set «; := max{a;,0} and f; := max{3;,0}.

Step 4 If (v, ;) ¢ M, modify («;, 8;) as follows:
(] IfoziZ3and5¢23,setaizﬂi:3,
e clse if 8; > 3 and «; + B; > 4, decrease 3; such that («y, §;) € OM,
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e clse if B; > 3 and «; + B; < 4, increase «; such that («;,3;) € OM or
a; = 4—B;, in the last case subsequently decrease 3; until (o, 8;) € OM,

e clse if o; > 3 and «; + fB; > 4, decrease «; such that (a;, 5;) € OM,

e clse if ; > 3 and a; + 5; < 4, increase j; such that («;,3;) € OM or
Bi = 4—qy, in the last case subsequently decrease «; until («;, 8;) € OM.

Step 5 Finally, replace d; by a;A; and d;1+1 by 8;4; in (A.1) and compute Za,¢
from the resulting formula which then equals (5.1)).

APPENDIX B. THE PROOF OF THEOREM

We will prove the result when ky = 0. The general case can be reduced to this
case in a standard way by considering U/Ry, and U/Ry, instead of U and U. We
use doubling of variables techniques similar to those used to prove this type of
results for equation . We take

mo = |(U(0,) = 0(0.9) o, m=sup [[(7* = F*)*lo+ (Ulo A |Tlo) e — &%lo].

M? = 4sup [|0’O‘ —C~Ta|3 + |ba — Ba|(2)]’

where ¢t denotes the positive part of ¢, and define W (¢, x,y) = U(t,z) — U(t,y),

1

1 1
o(t,x,y) = mo +tm + o= KrtM? + 5 Ry, () (Lo + tL)(e + —|z = yI*) + (* + [yI),

2e (
w(taxay) :W(t,l‘,y) *(ZS(t,.%,y) 777(1+t)3 m:t SXtPN (t,x,y) :w(tafag%
[S 0
m,yGRN

for ,0,17 > 0 and a maximum point (,%,%). A maximum point exists because of
the §-terms in ¢. We will prove that for any sequence n; — 0, there is another
sequence & — 0 such that (¢, 7;,91) < o(1) as | — co. This implies Theorem
when kg = 0. To see this, fix ¢ > 0,2,y and note that for any € > 0,

Ut z) — Ut y) — mo — tm — %EKTtMQ _ %R,ﬁ (6)(Lo + (L) (e + §|x —yP)
< (b, 7, 1) + |2 + [y*) +m(1+1) <o(1) as 1 — oo
In this inequality we send [ — oo and choose € = |z — y| VV t'/2M to find that
Ut,z) — Ul(t,y) < mo +tm+t>KpM + Ry, (t)(Lo + tL)|z — yl,

and hence Theorem follows since ¢ > 0,z,y were arbitrary. We will not be
explicit about the form of the d-terms below. Their role is only to guarantee that
the maximum is attained at a (finite) point (¢,%,7), and their contribution will
always be o(1) as 6 — 0 (see also Section 3 in [I]).

It is enough to prove that for every n > 0, 1(t,%,%) < o(1) as § — 0. We proceed
by contradiction assuming there is an 7 > 0 such that lims_.o ¢ (£, #,7) > 0. By the
definition of ¢ we now have W (t,#,7) > 0 and £ > 0 for all § > 0 small enough.
The last statement is true since

o . L 1.
P(0,Z,9) < mo + Lo|Z — 7| *mo*?o(€+g|$*y|2)*77<0~

The rest of the proof will aim at getting a contradiction for the case t > 0. Even if we
do not write it like that, what we show below is that w(t’x’y)fﬁ(ttfm’z’y) <o(l)—n

as d — 0, and this is impossible since (£, #,7) is a maximum point of ).
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We proceed by defining the operator I1¢,

M

Il [¢(t7 ) ')](Ta Z, y) = Z {¢(t> x + yl(:,’;_ (Tv .%'), y+ gl(:::_ (Ta y))

i=1
- 2¢(t7 I‘, y) + ¢(t7 &€ + yl?;i_ (Tv SC), y + g;:;i_ (Ta y))}
By the definition of L and ig, it follows that
W (-, ), y) = 202 { LU 8 () = LE (O 2] y)}.

We set A := 172 and subtract the inequalities defining U and U (see (7.1) and .
to find that for (¢,z), (t,y) € Qr

A
W(t,z,y) < W(t — At,z,y) + sup {511& Wt ), ,y)
+ At e (1Y, I)W‘g(t7 x, y)} + At Llz — y| + Atm,
where We(t7m,y) = (1-0)W(t— At,z,y) + OW(t,z,y) and t? =t — (1 — §)At.
Note that this new “scheme” is still monotone by the definition of II* and the CFL

condition. Hence we may replace W in the above inequality by any bigger function
coinciding with W at (¢,z,y). By the definition of m,

W<o+n(l+t)+m in AtNy x RY x RV,
and equality holds at (%,, 7). Therefore we find that

(%) o, &,5) +n(l+1) < ot — At Z,7) +n(1 +1 — At)
+up 2O, I, 7,5) + A LIE — 31+ At

Here we also used the fact that II*[n(1 +¢) + m] = 0 and ¢* < 0. Moreover we can
Taylor expand to see that

Ha[(b(ta a' T T y

M:

{0 +Y7) Dag+ (1 +7) - Dyo

i=1

1 o 1 o oo

+50lDZ0 - (VYT YV D]+ gDy, e (VYT 4 YY)
1 N - - -

L N A AR A A (e RN A I} ¥

where Y= = y?”f(r, z) and Y& = gjgf (r,y). Now we use (Y2) along with the

?

definition of ¢, to see that
Mot () £ R (00 + D220 () = ) = )
+ K0 (r@) = 5° (1)) (0" () = 6 ()]
[0 ) =B () (0 ) = 5]+ o)

as 0 — 0. These considerations lead to the following simplification of (ED,
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as § = 0. Now we proceed to calculate da:d(t, z,y

DEBRABANT AND JAKOBSEN

At
1 1,1
< 0 R, () (Lo + TL) (; M? + 1l — )

n+

1 ~ ~ 1 1
+ (1= 0) Ry (= M) (Lo + (F = ADL) (G M + Tkl — )
+ L|z — gl +m+0(1)

1 - 1 1
< SRy, (B)(Lo + tL)(§M2 +1hlT - gI*) + L|Z — 4| + m +o(1) := RHS,

) _ d)(t,z,y)—d)(t—At,x,y). To do

Al
that we note that da¢(uv) = (0aru)v + udarv — At(daru)(0a:v). Since darRy, (t) =
k1 Ry, (t) we then see that

Oat[Ry, () (Lo +tL)] = k1 Ry, (t)(Lo + tL) + Ry, (t)L — AtLky Ry, (1),

and hence

- 1 1 1 ~ ~ 1

2

All of this leads to n < RHS — 6a:p(t,%,7) < o(1) as § — 0 and 2AtL < Ly. The
last inequality follows from the bound on Kp. We have our contradiction and the
proof is complete.

10.
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