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Using the maximum principle for semicontinuous functions (Differential
Integral Equations 3 (1990), 1001-1014; Bull. Amer. Math. Soc. (N.S) 27
(1992), 1-67), we establish a general ‘“‘continuous dependence on the non-
linearities” estimate for viscosity solutions of fully nonlinear degenerate parabolic
equations with time- and space-dependent nonlinearities. Our result generalizes
a result by Souganidis (J. Differential Equations 56 (1985), 345-390) for first-
order Hamilton—Jacobi equations and a recent result by Cockburn et al
(J. Differential Equations 170 (2001), 180-187) for a class of degenerate parabolic
second—order equations. We apply this result to a rather general class of equations
and obtain: (i) Explicit continuous dependence estimates. (ii) L and Holder
regularity estimates. (iii) A rate of convergence for the vanishing viscosity
method. Finally, we illustrate results (i)~(iii) on the Hamilton—Jacobi—
Bellman partial differential equation associated with optimal control of a degenerate
diffusion process over a finite horizon. For this equation such results are usually
derived via probabilistic arguments, which we avoid entirely here. © 2002 Elsevier
Science (USA)
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1. INTRODUCTION

Fully nonlinear degenerate parabolic partial differential equations
arise in a variety of applications, ranging from image processing,
via optimal stochastic control theory, to the description of
evolving interfaces (front propagation problems). Due to a
possibly degenerate second-order operator, such nonlinear partial differ-
ential equations do not, in general, possess classical solutions and it becomes
necessary to interpret them in the sense of viscosity solutions. Here, we
study viscosity solutions of fully nonlinear degenerate parabolic equations of
the type

u + F(t, x,u,Du,D’u) =0  in Oy = (0, T) x R", (1.1)

where u: Qr — R is the scalar function that is sought; D denotes the
gradient with respect to x = (xq,...,xy) € RY; D? denotes the Hessian with
respect to x; and the nonlinearity F = F(¢, x,r, p, X) is a function that is
nonincreasing in its last (matrix) argument X.

Since the introduction [3] of the theory of viscosity solutions for
first-order Hamilton—Jacobi equations in the early 1980s the
theory (existence, uniqueness, stability, regularity, etc.) has by now
been intensively studied and extended to a large class of fully non-
linear second-order partial differential equations. A part of this theory
IS an impressive uniqueness (comparison) machinery based on the
so-called maximum principle for semicontinuous functions [2,4].
The uniqueness machinery applies to (1.1) under rather general assumptions
on F. We refer to Crandall et al. [4] for an overview of the viscosity solution
theory.

In this paper, we are concerned with the problem of finding an upper
bound on the difference between a viscosity subsolution u of (1.1) and a
viscosity supersolution v of

u; + G(t, x,u, Du,D*u) = 0 in Or,

where G = G(¢, x,r, p, X) is another nonlinearity that is nonincreasing in its
last argument. The sought upper bound for u(z, -) — v(z, -) should in one way
or another be expressed in terms of the difference between the initial data
u(0,-) — v(0,-) and the difference between the nonlinearities “F — G”. A
continuous dependence estimate of the type sought here was obtained by
Souganidis [10, Proposition 1.4] for first-order Hamilton—Jacobi equations.
For degenerate parabolic second-order equations, a straightforward
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applications of the comparison principle [4, p. 50] gives for any 0<¢< T the
estimate

sup (u(t, x) — v(t, x))< sup (u(0, x) — v(0, x))

"
xeRY xeR’

t
4 / sup (GlsxrpX)— Fsxrp X)) ds,  (12)
0 (x,r, p,X)e
RY xRxRY xS(N)

where S(N) denotes the set of symmetric N x N matrices and a* =
max(a, 0). This estimate can be applied, for example, when G is of the form
F + h for some function 2 = A(x). In general, this estimate is not particularly
useful since the set over which the supremum inside the integral is taken is
unbounded. For example, it cannot be used to obtain a convergence rate for
viscous approximations v, + F(, x, v, Dv, D*v) — vAv = 0.

Recently, Cockburn et al [1] showed how one can improve the
continuous dependence estimate in (1.2) for simplified equations of the type

u, + f(u,Du, D*u) — k(Du)Au =0  in Or, (1.3)

where the nonlinearity f = f(r, p, X) is nondecreasing in its first argument
and nonincreasing in its last argument while the ““diffusion coefficient” k£ =
k(p) is nonnegative. Note that Eq. (1.3) can be viewed as a special case of
u; + f(u,Du,D*u) = 0. However, as observed in [1], sharper results are
obtained by not doing so. Let u be a viscosity subsolution of (1.3) and let v
be a viscosity supersolution of (1.3) with £,k replaced by g, I, respectively.
Roughly speaking, the result in [1] states that for any 0<t<T7 and « >0

sup (u(t, x) — v(t, x))

xeR
< sup (M(O, )C) - U(Oa x))+
xeRY
+ sup (Ju(0.x) = u(0, y)| A (000, x) = o0, )] = Tk = yi*)
(xR

o\ t

o s (o020 = £ .00+ 398 (VIR - VTD) )

r, p,X)eD*
(1.4)

where a A b = min(a, b). The second term on the right-hand side in (1.4)
measures the “amount of continuity’ that the initial values u(0,-), v(0,-)
possess. In third term on the right-hand side in (1.4), the supremum is taken
over a bounded set D* < R x RY x S(N) that depends on the free parameter
o. The set D* becomes unbounded as o — 0o. The idea is that in each
particular case one can choose the parameter o in (1.4) so as to obtain
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optimal results. The proof of (1.4) (as well as (1.6)) is very similar to the
proof of the comparison principle [4] and uses the maximum principle for
semicontinuous functions [2, 4].

Motivated by applications, we seek in this paper to generalize the
continuous dependence result in [1] to more general equations of the form

u; + f(t, x,u, Du, D*u) — tr[A(t, x, Du)D*u] = 0 in QOr, (1.5)

where the nonlinearity f = f(¢,x,7, p, X) is nonincreasing in its last
argument, the N x N matrix 4 = A(t, x, p) is of the type a(t, x, p)a(t, x, p)"
for some N x P matrix a = a(t, x, p), and tr denotes the trace operator.
Equation (1.5) generalizes (1.3) in three ways: (i) The nonlinearities are
allowed to depend explicitly on the temporal and spatial variables, (ii) The
second-order operator #{A(t, x, Du)D?u] is rather general and contains the
operator k(Du)Au in (1.3) as a simple special case, (iii)) /' = f(, x,7, p, X) is
not restricted to be monotone in the r variable.

Our main result (Theorem 3.1) is an upper bound on u — v where u is a
viscosity subsolution of (1.5) and v is a viscosity supersolution of (1.5) with
£, 4 replaced by g, B, respectively, where B(t, x, p) = b(t, x, p)b(t, x, p)" for
another N x P matrix b = b(¢, x, p). Assume for simplicity of notation that
f = f(, x,r, p, X) is nondecreasing in the r variable and that the viscosity
sub- and supersolutions are merely semicontinuous (see Section 3 for the
general case). Roughly speaking, our main result (Theorem 3.1) then states
that for any 0<¢t<7 and o >0

o
sup  (u(t, x) = ot ») = 3 = 5%
(r,y) € RV xRY

x—y|<Cy/1/a

o N\ T
< sup (0,0~ (0,9 Sk - 51?)
(x,y) € RY xRV

k—yI<Cy/ 1/

+1 sup g(t, y,r, p, X) — f(z, x,7, p, X)
(1,x,p) € [0, ) xRV xRY

x=yI<Cy/1/a(r,p,X)eD*
+
+ 3uc’la(t, x, p) — b(t, y, P)|2> , (1.6)

where D* = R x RY x S(N) is again a bounded subset for each fixed « but
becomes unbounded as o — 0o, C >0 is a constant independent of «, and
¢ =N A P. We note that (1.6) is different from (1.4) in that a quadratic
penalization term also occur on the left-hand side of the inequality. In view
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of their respective proofs, we feel that (1.6) is a more natural statement
than (1.4). One can, however, quite easily derive from (1.6) an upper
bound that resembles (1.4). Estimate (1.6) can be viewed as a direct
generalization to second-order equations of Souganidis [10, Proposition 1.4]
for first-order equations. The main technical tool that makes this exten-
sion possible is, of course, the maximum principle for semicontinuous
functions [2, 4].

Our treatment actually allows us to consider a fully nonlinear version of
(1.5). In fact, later we shall state and prove our main result (Theorem 3.1)
for the fully nonlinear equation

u; + sup {f‘g(t, x, u, Du, Dzu) - tr[A‘g(t, x,Du)Dzu]} =0 in Qr, (P)
Jeo®

where @ is a given index set and f* A4 are of the same type as f, 4,
respectively, for each 9 € ® (see Section 3 for the precise conditions
on f” A4%). To illustrate our main result (Theorem 3.1), we apply it to a
rather general class of equations and obtain: (i) Explicit continuous
dependence estimates for continuous viscosity solutions of (P). (ii) A priori
L™ and x-Hoélder regularity estimates for continuous viscosity solutions of
(P). (iii) An explicit rate of convergence for vanishing viscosity approxima-
tions of x-Holder continuous viscosity solutions of (P). Using the results
mentioned in (ii)) we prove also uniform (in the small artificial diffusion
parameter) L™ and x-Holder regularity estimates for the vanishing viscosity
approximations.

The general form of (P) implies that many well-known partial differential
equations drop out as special cases. Quasilinear examples include
the equation for mean curvature flow of graphs and the p-Laplace diffusion
equation with pe[2,00). One significant fully nonlinear example is
the dynamic programming (or Hamilton—Jacobi—Bellman) equation of
optimal stochastic control theory. In Section 4, we discuss this equation,
in particular, and present a result about the continuity of the value func-
tion (viscosity solution) with respect to the coefficients in the Hamilton—
Jacobi-Bellman equations. To best of our knowledge, results of this
type have up to now only been available through probabilistic arguments
(see, e.g., [5,9]).

The rest of this paper is organized as follows: In Section 2, we introduce
the notation that will be used throughout this paper. Moreover, we recall the
notion of viscosity solutions along with the maximum principle for
semicontinuous functions. In Section 3, we state our results. In Section 4,
we illustrate (apply) our results to the Hamilton—Jacobi—Bellman equation.
Finally, the detailed proofs of our results are given in Section 5.
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2. PRELIMINARIES

In this section we introduce some notation (spaces, norms, etc.) that will
be used frequently in this paper. We also recall the notions of viscosity
solutions as well as the so-called maximum principle for semicontinuous
functions.

Let |- | denote the 2-norm in R” with m € N. We also let |- | denote the
matrix norm defined by |C|= supeeRp%, where C e R™*? is an m x p
matrix and m, p € N. The Frobenius norm is defined as |C|,2F =u[CTC] =
tr[CCT]. We recall that there is a constant ¢ = min(m, p) such that |C|p <
¢|C|. The ball with center in 0 € R™*? and radius R > 0 is the following set,
Buxp(0,R) = {x e R™*”: |x|<R}. If p=0, we write B,(0,R). Let S(m)
denote the space of m x m symmetric matrices. On this spaces we have the
usual partial ordering <, that is, X <Y whenever eXe < eYe for every e € R".
By ey,...,e, we denote the usual unit vectors in R”.

In what follows, let U be some set. If f: U — R™*?, then

/1l = sup | f(x)l.
xeU

Note that we allow for || f|| = co. For a locally bounded function f: U —
R"*?_ the upper and lower semicontinuous envelopes of f are defined,
respectively, as

fH@) =limsup f(y),  fulx) = liminf f(»).
f/e[; yeu

We let USC(U;R™7?), LSC(U;R™ "), and C(U;R™?) denote the usual
spaces of upper semicontinuous, lower semicontinuous, and continuous
functions from U to R™*”, respectively. If p,m =1, we write USC(U),
LSC(U), and C(U). Let f: I x RY - R, I < [0, 00). Then, for u € (0, 1], we
define the following Holder seminorms:

[f(#,)], = sup L@ x) = 1@ )l

x,yeRY x—y |'u
X#y

>

] —sup sup LED =S
T e o
X#Yy

By ¢*(I x R") we denote the set of functions f : I x R¥ — R for which the
norm || f]| + [f], is finite. We shall also need the usual Holder space CHRY)
of functions ¢ : RY — R such that ||g|| + [g], is finite.
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There are several equivalent ways to define viscosity solutions. We will
need only one of these definitions in this paper. Consider the following
general equation

u, + H(t, x, u,Du,Dzu) =0 in Qr. (2.1)

Since the purpose here is only to introduce the notion of viscosity solutions,
we only need to assume that H:[0, 7] x R¥ x R x RY x S(N) - R is
locally bounded and nonincreasing in its last argument. We start by
introducing the notion of semijets:

DErInNITION 2.1.  For a function u belonging to USC(Qr) (LSC(Qr)) that
is locally bounded, the second-order parabolic superjet (subjet) of u at (t, x) €
Or, which is denoted by 2>Tu(s,x), is defined as the set of triples
(a, p, X) € R x RV x S(N) such that

u(s, )< (Z)ult, x) + a(s — ) + {p,y = x> + 35X (y = x), y —x)
+ olls — 1|+ |y — x)
as Or3(s, ¥) — (1, x). We define the closure 2>t(u(s, x) as the set of (a,
P, X)eR x RY x S(N) for which there exists (fy, Xy, pn, Xn) € R x RY x

RY x S(N) such that (,, x,, u(xp, ty), pp, Xn) = (¢, x,u(t, x), p, X) as n — 00
and (an, pu, X») € 2> Ou(t,, x,) for all n.

Following [4, 6], we state the following general definition of a viscosity
solution:

DEerFINITION 2.2. (i) A locally bounded function u : Q7 — R is a viscosity
subsolution of (2.1) if, for every (¢, x) € Or and (a, p, X) € 2> u*(t, x),

a -+ Hy(t, x,u™(t, x), p, X)<0. (2.2)

(i1) A locally bounded function u : Q7 — R is a viscosity supersolution of
(2.1) if, for every (¢, x) € Or and (a, p, X) € P> ux(t, x),

a+ H*(t, x,us(t, x), p, X)=0. (2.3)

(iii)) A function u:Qr —» R is a viscosity solution of (2.1) if it is
simultaneously a viscosity sub- and supersolution of (2.1).

Remark 2.1. Observe that because H, and H* are lower and
upper semicontinuous, respectively, (2.2) and (2.3) remain true with P>+
and 2>~ replaced by 2%t and 2%, respectively.
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Remark 2.2. 1In a typical situation, H and the viscosity solution u of (2.1)
are continuous functions so that H, = H* = H and uy. = u* = u.

For the reader’s convenience, we restate here the parabolic version of the
maximum principle for semicontinuous functions [2,4]:

TaeEOREM 2.1 (Crandall and Ishii [2]; Crandall et al [4]). Let u(¢, x)
—uy(t, x) belong to USC(Qr). Let ¢(t, x, y) be once continuously differentiable
int € (0, T) and twice continuously differentiable in (x, y) € RV x R". Suppose
(tp, x¢, ¥p) € (0, T) x RY x RY is a local maximum of the function

(ta X, J’) - M](t, )C) - MQ(I, J’) - (,25(1, X, y)
Suppose that there is an r > 0 such that for every M > 0 there is a C such that

a<C whenever (a, p, X) € 2>V ui(t, x),

e —xg| + |t = tpl<r, |ur(t, x)| + | pl + |XI<M,
b= C whenever (b,q,Y) € P> un(t, x),

P = xo| + 1t = to|<r, |ua(t, x)| + |g| + [Y|<M.

Then for any k > 0 there exist two numbers a,b € R and two matrices X,Y €
S(N) such that

(a, Dyp(ty, x4, vp), X) € PHTuy(ty, x4),

(b, —Dyp(ty, xp, vp), Y) € P*"un(ty, vp),

—(1+|D2</)<r x )|)1< 0
- o Xy JIS| 0

<D*P(ty, x4, v) + K[D*P(tg, x4, vo)*s  (2.4)

and a — b = Q,(ty, x4, yg).

3. STATEMENTS OF RESULTS

In this section we state our main result and several applications of this.
The proofs of these results are given in Section 5. We start by specifying the
class of equations we consider and then introduce some more notation
which is needed for our main result. So in what follows, N, P € N are fixed
and 3 always belong to some index set @. We will consider equations of the
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form (P) that satisfy the following conditions:

For every R>0, /7 € C([0, T] x RY x R x RY x S(V))
is uniformly continuous uniformly in 3 on the set (€1
[0, 7] x RY x [—R, R] x By(0,R) x Byxn(0,R).

For every t,x,r, p,3, if X, Y € S(N), X<Y then

L x,r, p, X)= 2@, x,r, p, Y).
For every ¢, x, p, X,9 and for R >0, there is y; € R (C2)
such that for — R<s<r<R

fg(taxaraan) _f‘g(taxa S,p,X)?VR(V—S).

For every t,x, p, %, 4%(t, x, p) = a*(t, x, p)a’(t, x, p)T for some
matrix a® € C([0, T] x RY x RY; RY*"). Furthermore, for every

(C3)
R>0,4" is uniformly continuous on [0, 7] x RY x By(0,R)

uniformly in 9.

In what follows, let u' and #*> be bounded sub- and supersolutions,
respectively of the following two equations (i = 1,2):

! + sup {ff(t, x,u', Du', D*u’) — tr[A?(t, x, Du)D*u']} = 0.  (EQ;)
YeO
Before presenting our main continuous dependence result (Theorem 3.1), we

shall need to introduce two sets over which ‘“continuous dependence” is
“measured””:

ES, = {(r,x,y): s<t<t, (x,y) € 4%} (3.1

and
D, = {(f, X0 0, X, 9 p=alx— p)e” Y (¢,x,y) € EZ,
< e " min(|fu'[], [J2]), 1X] < 3079 9 € © }, (3.2)

where o >0 is a free parameter, y and y are constants to be specified in
Theorem 3.1, and 0<s<t<T. The set A4* appearing in definitions of the set
E?, depend on the regularity of «' and u*>. We give the definition in the
different relevant cases.
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Case (i). Assume u', —u? € USC(Qr). We then define

A% = {(x, »eR™M: |x — y|<\/2 supg, (u' — u2)+a‘1/2}.

Case (ii). Assume u',u* € C(Qr) in the sense that there exist moduli of
continuity w;, w, such that

W' (t,x) —d'(t, <ok —y)  Veel0,T], i=12 (3.3)
We then define
A= {(x,y) e R?™: ofx — y — w1 (Ix — y]) — oa(lx — ) <0}

Case (iii). Assume u',—u? € USC(Qr) and that either u' or u lies in
%'(Or). We then define

A% = {(x, y) e R?N: |x — y|<N min([u'],, [1?])o"}.
We can now state our main result:

THEOREM 3.1. Assume that conditions (C1)—(C3) hold for fi‘g and A? with
constants Ve, for i=1,2. Let u' and u* be bounded viscosity sub- and
supersolutions of (EQ,) and (EQ,), respectively. Assume that u' and u* have
regularity as stated in one of Cases (i)—(iii). Set R := max(||u']|,||u?||) and
7 = min(yy, y3). Then for 0<s<t<T, 7=0, and o.> 0

sup (¢! (¢, x) = 12(z, ) =3 € e = y1?)

st

+
< sup (u'(s.3) = (s, ) = 5 e — o)

5,8

+ (t—s) SUP{EV(T_‘){.fz‘g(T, v, 7, p, X) — [, x, 7, p, X))
o

7,850

+
- o _ -
+ 302" al(x, x, p) = &35, v, P — 5 7€ e y|2} ,

where the sets EY , and DS, are defined in (3.1) and (3.2), respectively, via the

set A* defined in Cases (1)—(iii).

Remark 3.1. Note that we have introduced an exponential factor in the
quadratic penalization term on the left-hand side in the above inequality. As
a consequence of this, we get a quadratic penalization term on the right-
hand side also. By appropriately choosing the exponent y=0, we will see
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that in most of the following applications we do not need to make any a
priori regularity assumptions on the solutions. In such cases the set 4* does
not play any role. However, this is not the case when, for example, a’(¢, x, p)
is only Holder continuous in x with exponent < 1. For certain values of f3,
we can still obtain results, but only when we use the extra information
provided by A% We will not consider this case in this paper.

In the remaining part of this section, we shall see examples of how
Theorem 3.1 can be applied. We state some rather general results concerning
(1) explicit continuous dependence estimates, (ii) L* and Holder estimates
for viscosity solutions, and finally (iii) a convergence rate for the vanishing
viscosity method. In order to obtain these results, we must have stronger
assumptions on the data. We shall consider the following conditions:

There is a constant C/ >0 such that

C/ = supg, g, |1°(t. x,0,0,0)| < c0. (C4

Let ue(0,1] and f%(t, x,r, p, X) = ¢°(t, x, 7, p, X) + b°(1, x, p) p.
For each R >0 there are constants Cj, C”>0 such that

l9°(t, x,7, p, X) = ¢*(t, .1, p, X)| < Chlx — yI", (C3)
b*(t, x, p) = b*(t, y, )| < Clx — )

for 3€ O, te[0,T], /<R, x,y, pe R, X € S(N).

Let 1 € (0,1]. For each R > 0 there is a constant CI{ >0
such that

18, x,r, po X) — £t yor, p XIS CR(UPl K — ¥+ [ — 1),
for $€ 0, te]0,T], /<R, x,y, peRY, X € S(N).

(Co)

For each R >0 there is a constant C}; >0 such that
72 p. X0 = 02y, p XIS Crlx = (C7)
for €@, te[0,T], |rl,|p|<R, x,yeR", X € S(V).

For each R >0 there is a constant C} >0 such that

la®(, x, p) — a®(t, y, p)| < Célx — yl, (CY)
for 3€0,te[0,T),x,ye RN,|p|<R.

Note that (C5)—(C7) are three different assumptions on the x-regularity of
/?. We use the least general (but most explicit) assumption (C5) to derive an
explicit continuous dependence estimate without assuming any a priori
regularity on the solutions, see Theorem 3.2(a). We do not know how
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to make such an explicit estimate more general the way we choose to
present this theory. However, if we were only interested in regularity
estimates as in Theorem 3.3(b) the more general assumption (C6) is sufficient
and is probably more or less optimal in our presentation. When we assume a
priori that solutions are Lipschitz continuous, we get an explicit comparison
theorem wusing assumption (C7), see Theorem 3.2(b). This assump-
tion implies some sort of local Lipschitz continuity in p and is there-
fore more general than an assumption like (C6). Note that if we
were interested in a priori regularity estimates in this case, then (C7) is
too general. In fact, then we need to consider assumption (C6) with
w= 1. We will not prove this here, but just remark that assumption (C6)
is the “correct” assumption for first-order Hamilton—Jacobi equations,
see [10].

In the next theorem we state two explicit continuous dependence
estimates. In the first one we consider the case with no a priori regularity
on the solutions, while in the second one we consider Lipschitz solutions.
Note well that in order to get the explicit continuous dependence estimates,
it suffices to require that assumptions like (C5)—(C8) hold for only one of the
two problems being compared. This is the meaning of the assumption ““if
there are i, j,k € {0,1}...”.

THEOREM 3.2 (Continuous Dependence Estimate). Assume (C1)—~(C3)

hold for f% and A? with constants y% for i=1,2. Furthermore, assume

that u',u* € C(Qr) are bounded viscosity solutions of (EQ:), (EQ»)
respectively. Let Ry = max(||u'l], [[u?]]), y:min(y}eo,y,zeo), and D, be the
following set:
Dy = {(t,x,r, p,9): te[0,4, xeRY, [r[<e ™ min(|lu'[], lu])),
peRY, X eS(N), 9 6}.
(a) If there are i,j,k € {0,1} such that '(0,-) € C*(R") and fg and aj
satisfies (C5) and (C8), respectively, with constants Cy, C’%, and C"k Note

that C% does not depend on R! Then for 0<t<T there exists a constant M
depending only on T, y, Cg, C%, C% and [u/(0,)], such that

elul (¢, -) — u(2, )| < |l (0, ) — u?(0, )]
+ Sup{te"lgl(f X7 p, X) — g3, x, 7, p, X)|
+ Mr“/2(|b1(r, x, p) — bi(z, x, pl* +laj(z, x, p) — ad(, x, p)")}.

(b) Define D, = {(t, x, r, P, 8) eD;: |pl<e” ”mln([ NP1 If there
are i, j,k € {0,1} such that u' € €"(Qr), f9 and ak satisfies (C7) and (C8),
respectively, with constants Cy' and Cg. Then for 0<t<T there exists a
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constant M depending only on T, v, C‘,};’ , C¥, and [u'], such that
|l (¢, ) — (&, )| < lu' (0, ) — u?(0, )]

+ S‘}p{te"’”lﬂg(f, xr,p, X) = 30, %7, p, X))
b,

+ M2l (, x, p) — a3(x, x, p)l}-

We next state the regularity and a priori results.

THEOREM 3.3 (Regularity Estimates). Assume (C1)~(C3) hold. In addi-
tion, let u € C(Qr) be a bounded viscosity solution of (P) with initial data uy.
Define R = |ju|| and y := yg. Then the following statements are true for every
tel0, T

(@) If 17 satisfies (C4), then |lu(t,-)||<e "(||uo|| + te’ ' CY).
(b) Assume that f* and a® satisfy (C6) and (C8), respectively, and the
constant in (C8) is independent of R. Moreover if ug € C*(RY), then

(e, V), <K {[u(0, )], + 27 '},
where K <4 and y = 2(C1J; + 3C2(Ca)2 F 1)+l

Finally, we turn to the problem of finding a convergence rate for the
vanishing viscosity method. The vanishing viscosity method considers the
following equation as an approximation to (P):

u, + Sgug{f‘g(t, x,u’,Du’, D*u’) — tr[4%(¢, x, Du")D*u']} = vAu'.  (P,)
€

We are interested in the L®™ convergence of u' to the unique viscosity
solution u of (P) as v — 0. By now it is classical to use the Barles—Perthame
weak limit method (see, e.g., [4]) to prove convergence of the viscous
approximations u'. The idea is that the so-called upper weak limit # and the
lower weak limit u, defined by

(t, x) = lim sup™ u'(¢, x), u(t, x) = liminfy (2, x),

v—0 Vo

are, respectively, viscosity sub- and supersolutions of (P). On the one hand,
we always have u<u in Q7. On the other hand, the (strong) comparison
principle [4] implies that u<u in Or and thus u = v in Qr. Finally, it is easy
to see that this equality implies local L™ convergence of u" to the function
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u=u=uas v — 0, which turns out to be the unique bounded continuous
viscosity solutions of (1.1).

The advantage of the method of weak limits is that it allows passages to
the limits with only an L™ estimate on u'. The disadvantage is that the
method does not say anything about the rate of convergence, which is the
content of Theorem 3.4.

TaeEOREM 3.4 (Viscous Approximations). Assume that (C1)—(C4), (C6)
and (C8) hold, and that the constant in (C8) is independent of R. Furthermore,
assume that there exists a bounded viscosity solution u” € C(Qr) of (P,) for
each v> 0. Then there exists a viscosity solution u € €'(Qr) of (P) such that
for every 0<t<T

lu(t, ) — u' (&, | < K ([0, -) — u" (0, )] + v*/2),
for some constant K independent of v.

A special case worth mentioning for which the results of this section
apply, is the Hamilton—Jacobi—Bellmann equation. The results for this
equation will be detailed in the next section.

4. HAMILTON-JACOBI-BELLMAN EQUATION

Let (Q, 7,{F},>0,P) be a filtered complete probability space satisfying
the usual hypotheses. Let ® be a closed subset of Euclidian space. On
O x [0,00) x RY, we are given a N x P matrix-valued function ¢”(z, x),
an RY-valued function b%(¢,x), and R-valued functions (s, x)>7€eR,
At x), g(x). We assume that o”(¢,x), b%(t,x), (¢, x), f*(t,x) are
bounded and continuous in ¢, x, and 0. Furthermore, we assume that 7 =
¢’ and h = b* possess the following Holder regularity condition with § = 1:

(2, x) — h(s, y)| < Const.(lx — ¥° + |t — s|°/2), (4.1)

where the constant should be independent of 3. Similarly, we assume that
h=c"and h = f? satisfy (4.1) with = u. Finally, we assume g € C*(RY).
Let W, be P-dimensional Wiener process with respect to {Z,},5, and let
3 = {9},>0 be an adapted control process taking values in @. Consider then
the (controlled) stochastic differential equation

X, = b*(s, X ds + o™ (s, X)W, s>t (4.2)
Under the assumptions given above, there exists a unique solution

s, 1,x
X, =X,
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of (4.2) with initial condition X, = x. For a given (¢, x) € (0, T) x R" and an
adapted control process 3 = {3}, the finite horizon optimal stochastic
control problems is to maximize the functional

T s
I, x;9) = E5x? [/ f‘gf(s, X;) exp (— / cg’(r, X;) dr) ds
t

t

T
+ g(X7) exp (— / c‘g"(r, X)) dr)} . 4.3)

As usual, to solve this optimization problem we introduce the value
function

V(t,x) =sup Z(t, x;9), (t,x) [0, T] x RV, (4.4)
9

It is well known that the value function V' (z, x) is bounded, and satisfies (4.1)
with 2 =V and 6 = u (see, e.g., [9]).

As a consequence of the dynamic programming principle (see, e.g., [5]),
the value function (4.4) is the unique viscosity solution of the Hamilton—
Jacobi—Bellman partial differential equation

u, + sup{tr[A°(t, x)D*u] + b*(t, x)Du — (¢, x)u + (¢, x)} = 0,
9eO

u(T, x) = g(x),

where 4°(t, x) = 1 6°(t, )’ (2, x)".

(4.5)

Remark 4.1.  Note that (4.5) is a terminal value problem. To convert this
to an initial value problem of the type studied in this paper, one has to
introduce the change of variable t+— T — t.

We are interested in estimating the change in the value function (4.4)
(hence the viscosity solution of (4.5)) when the coefficients in (4.2) and (4.3)
(hence in (4.5)) are changed. From Theorem 3.2(a), we immediately get the
following result:

THEOREM 4.1 (Continuous Dependence Estimate). Let V be the value
function defined in (4.5). Let V denote the value function obtained by replacing
the coefficients o b°,c?, f°,g in (4.2) and (4.3) by ¢°,b%,&% 1%, g, respec-
tively. Then there exists a constant K >0 such that the following estimate
holds for 0<t<T:

V@)=V )l<llg—gll+K sup  {(T—0(c(x, x) — &z, )|
t€[T—t, T],x,9

12, x) = 2@, 0T =1y (2, x) =B (z, )" +[6(z, x)— " (x, X)) }.
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A similar continuous dependence estimate can be proved by means of
probabilistic arguments, see, e.g., [5, p. 181]. From Theorem 3.4, we also get
the following rate of convergence for the vanishing viscosity method:

THEOREM 4.2. Let V be the value function defined in (4.5). Let V" be the
solution of (4.5) with a viscosity term vAu added on the right-hand side of the
equation. Then there exists a constant K independent of v such that

Wi, — V', ) <Kv/>2.

Also this result is well known (see, e.g., [5]). Its proof, however, usually
relies on probabilistic arguments, which we avoid entirely here.

5. PROOFS OF RESULTS

5.1. Proof of Theorem 3.1

We begin with giving a lemma that will be needed in the proof.

LEMMA 5.1.  Let [ € USC(RY) be bounded from above and define m, m, =0
and x,eR" as follows: m, = max,q {f(x) — ex|*} = f(x,) — elx,]* and
m = sUp,epr f(x). Then as ¢ - 0, my — m and e, |* = 0.

Proof. Choose an i > 0. By the definition of supremum there is an x’ €
RY such that f(x)'=m — . Pick an ¢ so small that ¢|x'|* <, then the first
part follows since

m=my = f(xy) — &= () — &P =m—2n.

Now define k, = ¢lx,|*. This quantity is bounded by the above calcula-
tions since f is bounded. Pick a converging subsequence {k;}, and
call the limit A(>0). Note that f(x.) —k.<m —k, so going to the
limit yields m<m — k. This means that £<0, that is £k = 0. Now we are
done since if every convergent subsequence converges to 0, the (bounded)
sequence has to converge to 0 as well. I

Case y = 0. Now f’(z, x,7, p, X) is nondecreasing in r for i = 1,2. We let
M = supgy, ' —u»)" and

9”‘3(1’, x,r,p,X) = fl‘g(r, x,r,p, X)— tr[A‘?(r, x, p)X],

T, x,r, p, X) = f3(z, x,r, p, X) — t[A3(z, x, p)X].
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For ¢ > 0, define

a +
Ey = sup (u(s,0) — (s, ) — Sl = ) (5.1)
E'X

5,5

and

o = —E + sup {”l(f, x) — u’(t, )
Eit

AT P L E PR+ P + —
{5 =P + 5 *'y')ﬂ_f}}' (5.2)

We shall derive an (positive) upper bound on ¢, so we may assume that
o>0. Let 6 € (0, 1), choose e/9g > 5S¢, and define

Wit x,y) =u'(t,x) —u’(z, y) — o(t —s)

t—s
o £ £
% -9 2 2 2 _}
{2e e = 3+ S+ )+ |-

[

Note that if f,g: U — R are functions on some set U and sup;, f < 0o, then

supy (f —g)=supy f —supy ¢g. Let g = % o, f =¥ +g,and U = EY,.
Then we get

sup Y(t,x,y)=0+ Ey — o0 = (1 — d)o + Ey. (5.3)
E?,
Since ' and u? are bounded, and since Y tends to —oco as 7 tends to ¢ and
x|, |v| tend to co,supy is obtained on a compact in [s, £) x RY x RY. It
follows that there is a point (tg, xo, }o) € [s, f) X RY x RY such that

Yo, X0, ) =Y(r x,p)  V(z,x,p) €ls, 1) x RY x RY.
On the other hand, we have by (5.3) since Ey>0 and ¢ > 0 that
0< ¥ (0, x0, 1)

A €
< sup (u' — )" — {5 eIy — yol” + §(|xo|2 + |J’0|2)},
Or

so with M = supQT(u1 —u?)" it follows that
o\ 12 M\ 12
o — »ol < (7) ) xol, [yol < (T) ) (54)

which corresponds to Case (i). If u!, 4> are more regular, we can get better
estimates. By considering the inequality

2Y(t0, x0, y0) = Y(T0, X0, X0) + Y(T0, Y0, Y0)s
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we find

e’ xg — yol* <u' (2o, x0) — u' (v, 30) + u* (20, x0) — u*(To, Y0).

Using (3.3), we get

olxo — yol* — 1 (lxo — y0l) — w2(xo — »0]) <0, (5.5)
which corresponds to Case (ii). Finally, let either u' or u? belong to € "(Or).
Since VY (7o, x, yp) has its maximum in xo, there is a 6>0 such that

Y (o, x, o) <Y(t0, X0, yo) for x € Br(xg, d). Using this and letting e; € RY be a
basis vector and £ a real number, we find that

& o e
2 (ol* = Ixo + eh’) + 3 e (lxo — yol* — xo + eh — ol
<u' (10, x0) — u' (0, x0 + e:h) <[u']A].
Taking the limits as # — 0%, we get
lexor + o€’ (o — yor)| <[u'l;.
Similarly we use (7, xo, ¥) to get
Jeyor — €™ (xor — o) <[]y
Summing up, we have shown that

|pl = ™™ x — yo) <Nmind{[u'], ['] } + NQMe)' 2, (5.6)

which corresponds to Case (iii) plus an error term of order &'/?/a.

Note that the bounds on xy and yy in (5.4) can be improved using Lemma
5.1. Because by this lemma there is a continuous nondecreasing function
m:[0,00) — [0, 00) satisfying m(0) = 0, such that

o, |yol <&~/ 2me). (5.7)

Now we prove that 7y >s. Suppose 19 = s, then by (5.3), (5.4), and (5.1)

Ey+ (1 = 0o < (s, x0, W)

o +
< sup(u!(s. ) ~ (5. ) ~5h —)F) = Eo.

This means that ¢ <0, which contradicts the assumption that ¢ > 0. So we
have 1y > s.
We define our test function

ot —s)

t—s

P(z,x,y) =

o 5 & &
o+ {3 — P+ 2 + D+ —— .
2 2 t—1
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We can now apply Theorem 2.1 to conclude that there are numbers a, b
and symmetric matrices X, Y such that

(a, Dxp(to, X0, Y0), X) € P> u (19, x9),

(b, =D, P(to, x0, 1), ¥) € P>~ (10, 1),

where a — b = ¢,(10, X0, 10) and for 4 =
the following holds:

L) (4 Ne(* ° )carwe
—\| - S S VA~
v 0 I 0 -Y
Let & = /™9y and v = &~ '. Then, after some calculations, we get
(Gd+8) I 0 - X 0
N0 1) \o v
_ I -1 G+l 0
< ¢ (Ba+2e) + R .

I 0 Eter

(5.8)

D? D?
(D;xz D?i) and v>0,
» »y (0,X0,)0)

By the definition of viscosity sub- and super-solutions,

a+ sgp F (0, X0, ' (0, X0), Dx (%0, X0, Y0), X) <0,

b + Slél)p ?2(1'0, Yo, uz(TO’ yo): _Dy(ﬁ(f()s X0, yO): Y) = 0.
Subtracting the above two inequalities gives us

¢,(t0, x0, Y0) < Sl(;l)p {F 5 (20, Y0, u* (20, 1), — Dy P(T0, X0, 1), ¥)
— F(x0, X0, u' (0, X0), Dxp(T0, X0, 30), X)}.  (5.9)

By (5.3) we must have u'(tg, x9) = t*(t0, »o). We can now use (C2) to rewrite
(5.9) in terms of either u'(tq, x9) or u*(to, »). The argument is symmetric,
and we rewrite the inequality in terms of the quantity with smallest norm.
Assuming ||u']| <|ju?||, we get

f29(ra X, M2(T(), y())a P> X) < leg(,[’ X, ul(TO’ X()), P X)
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We use this expression to rewrite inequality (5.9) in the following
way:

b,(t0, X0, Y0) < sup {F5(t0, yo, u' (20, X0), —D,$(z0, X0, y0), ¥)
)

— F (o, x0,u' (0, X0), Dxp(t0, X0, 30), X)}.  (5.10)

Then we estimate the left-hand side:

00 o _ s g
— Z 5o T0=9) 1y 1,2
¢((10, X0, o) =+ 5 7€ o — yol” + )
P -
>0 4 259y — yolf. (5.11)
t—s 2

Let (t,x,y,r,p,p)els, ) x RY xR x Rx RY x RY. From (5.8) it
follows that

X <Y +4el, Y], IX|< 30”09 + 4e. (5.12)

Using this and (C2) and get

A x,r p V) fi(e, x,r, p, X — 4el). (5.13)

Following Ishii [7], let C,D e RY*? be two matrices and note that the
following 2N x 2N matrix is symmetric and positive semidefinite:

cct DCT
B= .
cpT DDT

> and use inequality (5.8) to obtain the following

. X 0
Consider B( 0 _y

estimate:
tr[CCTX — DDTY1< (30e” ™% + 2¢)|C — DI + 2¢(|C|% + |D|2).

Recall that there is a constant ¢ such that |- |z <c|- |, see Section 2. If we let
C = aj(t,x, p) and D = a$(1, y,p), then we get

tr[A?(T, x, p)X] — tr[Aé’(r, »,.D)Y]
<(30(eﬂroij) + 28)62|a‘?(f’ X, p) - ag(r, y’p)|2

+ 2ec(la](z, x, p) + |a5(z, v, P)).
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Let p = ae’® ) (xg — 1), p* = exg, and p” :=e)y. Then we define the
following set:

Ff o=, x, 0,252, p, 05 Y X, 9) ¢
(. x,y,r, p, X, 9) € D} . e"*xl, e' 2|y <me),
olz|, ol | '), | P | S (N + 1)(2Me)' /), (5.14)

where Df , is defined in (3.2) via (3.1) and A" as defined in Cases (i)-(iii).
Now from (5.4)—(5.7), (5.11)—(5.14) using (5.10) we obtain the upper bound
on o

oo
ﬁ< Sllp {f29(13y+zy’r3p7 py’X - 48[) - .f]lg(‘c’XAFZxarap+ px:X)
- kY
+ (B 4+ 20)a (t, x + 25, p+ ) — ay(n, y + 2 p — PP
_ ,);e)?(rfs)%bc —y + 2 Zy|2

G X +
+ 26?(laf(r, x + 25 p+ PP + a5,y + 2%, p— pOP)}

By the definition of Fy (5.14) and by the uniform continuity assumed in
(C1) and (C3), there exists a modulus of continuity o such that

té_—asg sFlitP {A@yrp,X)— £ xr p,X)
4 30 x, p) - ale v, PP
— T2 — 3+ (] + ]+ [P+ [P+ o)
+ ¢ Const.(|a?(r, x+zZ, p+ p”y)|2 + |a§(r, v+, p— py)lz)}+.
Let (7, x, y) € E7 ,. By the definition of o (see (5.2)), we have
ul(t, x) — u’(z, y) — % TNy — yP <o+ Ey + P{i + %(le2 + Iylz)}.

Combining the two previous inequalities gives

u'(z,x) = u’(z, y) — ey“ e — P

t—s " 11

F t

Sending ¢ — 0 in (5.15), the only questionable terms are those of the form
elal(t,x + 2%, p+ PYP, where (1, x,2%, p, p*) comes from F{. But uniform
continuity (C3) and (5.14) implies a linear growth condition in the
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x-variable, so with e<1 we get
¢ Const.(1 + |x 4 2°))?

elal(r,x + 25 p+ PO <
< Const.e(1 4+ ¢ 'm?(g)) < Const.m*(¢).

Since m is continuous and m(0) = 0 these terms tend to 0 as ¢ — 0. So by
first letting ¢ — 0 and then letting 6 — 1 in (5.15), we have proved:

LEMMA 5.2.  Assume that conditions (C1)~(C3) holds for [ and A? with
constants y, =0 for i =1,2. Let u' and u* be bounded viscosity sub- and
supersolutions of (EQ,) and (EQ,), respectively. Assume that u' and u* have
regularity as stated in one of Cases (1)—(iii). Then for 0<s<t<T, 7=0 and
>0

sup (u'(7.x) — 1(x,) 5 &V — 3P

5.1

+
< sup (5, ) = s, ) — S = o)
El

5,5

+ (tis) S!;lp{.fég(rsyar:st).fl‘g(f’xsrsp:X)

0,s,1

+
3 NG
+ 3occzey(rfs)|a‘?(r, X, p) — ag(r, ¥, p)|2 - yey(ffs)ibc - y|2} .

Case 7y#0. Let v'(t,x) =9 (t,x), i=1,2. Then ¢/, i=1,2
are viscosity sub- and supersolutions, respectively, of the following
equations:

vh— o' + & sup {f(z, x,e T e Iy e I Dyl
JeO

. , . 5.16
4%z, x,e "DV )D?* ']} = 0, i=1,2. (>.16)

The idea is now to apply Lemma 5.2 to v/, i = 1, 2.
If we introduce the functions

f}g(r, x, 7, p,X)=—yr+ e""(rfs)fi‘g(r, x,e 1)y 19 p,e X))

and
A, x, p) = AX(t,x,e ) p),

then we can write (5.16) in the following way:

vi + sup {f‘;"(r, X, Ui,Dvi,Dzvi) — tr[/i?(‘c, X, Dvi)Dzvi]} =0, i=1,2.
9e®
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Note that f,g and f_lf satisfy conditions (C2) and (C3), respectively,
with constants 7, =0 and QR<Q . for i=1,2. So by using
Lemma 5.2 we get

R’

sup(v'(r, ) — (2. ) = 5 e —oF)

+
<sup(v'(5, ) = 025, — 3 b — o)
Ez, 2
+ (t—s) Syp{fg(f, v.r, p, X) — (e, x,7, p, X)
0,5,
_ _ o +
+ 30t al (e, x, p) — @(z, y, p)IF — V'ey“’”i e — ylz} .

Back-substitution now yields

(t— (T— 0 5r—
su (e}(f S)ul(‘c, x) — e S)uz(‘c, y) — > s S)lx - y|2>
E7

o +
< sup (u'(s,0) = (s, v) — S je — yi?)
E%

+ (t—s)sup {e""(rs) (3, p,e 1T, o779 p e 109 )

0,s,1
— e x, e T 1) p 1)y
+ 302 Iz, x, e 7 p) — al(z, y,e 7 p)P

+
N
— el yF}

+
< sup (u'(s %) — s, ) — Sl — o)
Ed

5,5

- sup{e””){ff(f, wr g X) — [ xr . X))
D},

+
+ 30’ Ial(x, x, p) — d3(x, 3, p)IF — v'eﬂf*s)% e — ylz} ,
which completes the proof of Theorem 3.1 1

5.2. Proof of Theorem 3.2

(a) Note well that in this proof the indices i, j, k are fixed as defined in
the statement of the result. Let us start by using Theorem 3.1 to compare u'
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and #2. To this end, notice that
e’ sup (ul(t, x) — (1, x))
RY

. ’ o
< sup (¢! (5, %) - " u(r, ) - S - o),

o
EO, t

o +
sup (1'(0.x) ~ (0. ) — b~ »F’)
0,0
I (0,) 0, + 370,

The first inequality is obvious, while the second inequality follows
from maximizing the function A(r) = [4/(0, Nt — %rz with r=|x— y|.
An application of Theorem 3.1 together with conditions (C5) and (C8)
(with constant independent of R) now yields for every 0<t<T

) o -
&' sup(u' () = 12(t, ) < ' (0,) = (0, )| + 52O (0, O
RY

+ tsup{ e g, 57, p, X) = 635 57, p, X))+ € C b — o

Do

+ 20e”|b(z, x, p) — b3 (1, x, p)I* + 20" |x — I + e’ C[x — y*
+ 6ac’e’|al(z, x, p) — a3z, x, p)I* + 6uc?e’ CHx — y)?
o s Nt
— 73—} (5.17)
where p = a(x — y)e " and we have used the following estimates:
b — ¥l 1B{(z, x, p) — B3(x, x, p)| <2x — ¥ + 2/b{(z, x, p) — b (z, x, p)I°,
|a‘?(fs X, p)_ag(fs Y, p)|2< 2|a‘?(r, X, P)_ag(fa X, p)|2+2|a§(r, X, p)_ag(ta Y, p)|2

In (5.17), we collect all terms involving alx — y[¢’*. Then by choosing j
appropriately, we see that

_ ) 1._ o =
e ate” (CZL + 2+ C) 4 63(CH) — 5?) = g — e

The remaining “unwanted” terms inside the supremum we treat in a similar
way as we treated the initial data:

o o N . _
e’TC'Ig)Ix— e —§|x— e gz o o7 (el @fcg))2/(2 my
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Summing up what we have done with (5.17) so far, the terms with explicit
dependence in o read: Const. o */?~#) + t Const. M?, ,, where

My, = sup e (1b{(z, x, p) — B3(x, x, p)I* + la{(z, x, p) — d5(x, x, p)).

70,1

Note that the minimum of A(r) = C;#*/@~® 4+ Cyr is less than or equal to
2C§2_“)/2Cg/2. So let r=o,Cy = Const. and C, =t Const. M}, ,. Then we
obtain

e sup (u'(t,-) — u?(t,-))
RY

< (0,-) — 120, )| + £ sup €| fy — fi] + 2022,

Dy,

After an application of the following inequality in R, (a® + 62> <lal* +
|b*, this proves Theorem 3.2(a) since the argument is symmetric in u'
and u?.

(b) Note that the indices i,j,k are predefined and fixed, see the
statement of this result. Now let y = 0,L = e 7T[i/],, and R = max(Ro, L). As
in Case (i), we use Theorem 3.1 and estimate the different terms. After an
application of conditions (C7)—(C8) and substitution of the bounds for |x —

y| (in Case (iii)), we get
) 1 .
e sup (u'(t,) — u’(t,-) < [lu' (0,-) — (0, )| + 7 [/ (0, )}
RN

+ ¢ sup {e""flfig(f, X p.X) = f3(1,xr, p,X)
Dy,

N[u' S ;
+ C}?% + 60(62|a|i)(‘ca X, P) - ag(f’ X p)|2

1 -
+ 6c2a(czk)2N2[u’]%}

Note that all the terms which explicitly depends on o can be written as
Const. o+ Const. o', This can be minimized with respect to « as in (a). We
thus obtain a constant M such that the result holds.

5.3. Proof of Theorem 3.3
(a) This result is not a consequence of Theorem 3.1. But the proof is

very similar. What we need to do is to go through the proof of Theorem 3.1
with 0 and u as sub- and super-solutions.We assume first that y = 0. In the
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first case, we get from (5.10) and (5.11) with u' =0, s =0, 7=0, and ¢ €
(0, 1] that

0
Ta < sup {fs(ro,yo,O, Const. 81/2,X — Const. el)
9
— tr{A*(z0, 9, Const. ¢'/?)(X — Const. 8[)]},

where (0, X) € 2>70. The gradient is Const. &'/ by (5.6). By (C2) and (5.12),
we have replaced Y by X — Const. el.

The fact that (0,X)e€ 2>70 means X >0. If we use the monotonicity
properties of (¢, x,r, p,-) and t{A°(¢, x, p)-], we get

0 .
TG < sup{fd(ro, 0,0, Const. '/, —Const. el ) + Const. m(s)}.
9

The last term follows from the growth condition in (C3) and (5.7). Now we
continue as in the proof of Theorem 3.1. The result after having taken the
limits ¢ — 0 and 6 — 1 is the following:

—inf u(t,) <luoll + ¢ sup |£*(z,x,0,0,0)\.
RY ox0Q,
In a similar way, by interchanging the roles of 0 and u, we get

sup u(t, ) <lluoll + ¢ sup |/*(z, x,0,0,0)|.
RY Ox0;

This completes the proof of part (a) for the case y = 0. The case y#0 follows
from the case y = 0 as in the proof of Theorem 3.1.

(b) Let f=f'=1" al=0a}=4¢" and u' =uv’>=u and apply
Theorem 3.1. This proof consists of simplifying the resulting expression
using assumptions (C6) and (C8). At the end there should appear an
inequality like

u(x) — u(y) <k gl — e (5.18)
for arbitrary x, y € RV. Then we are done since
inf {kjo #/C 4 kolx — ya} <2k MK — plF, (5.19)
o

and the argument is symmetric in x and y.

Now let us prove (5.18). First choose y = 2(C1{ + 33(C9)? + 1)_—|—y+.
Then using (C6) and (C8), remembering that p = a(x — y)e¥ ),
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we get

ew(f‘(fax:rvan) —f(r,y,r,p,X))

)T % YT
+ 366a(z, %, p) — alr, v, p) = 27— P

<e”C£|x -y +alx — y|zev_f (C‘I’; + 302(C")2 — %)

SeWC}gx — Y=oy — y|2€ﬁ <e}’t(C‘}’:)z/(z_“)a_”/(z_”).

c;”/ 2-p

The last inequality follows from sup,o{cir* — czrz}éc%/(zf’” for

c1, ¢ > 0. Using the same result on the initial data yields

(0, %) = (0, ) = 3 b =y <2Au(0, )/ OO0,

Now fix x,yeR" and 0<s<T. An application of Theorem 3.1 now
yields

e 1t ) = u(t, ) — &3 e = o’
< QLu(0, )P/ 4 17" {(Cpy g0,

So we have an inequality like (5.18). Now the final simplifications are
ANCEI
() e

Q2[u(0, YO + 17 (CHH )WL u(0, ], + €11,

and

5.4. Proof of Theorem 3.4

The existence of a bounded viscosity solution follow from the Barles—
Perthame weak limit procedure, as discussed after Theorem 3.2. Further-
more, it follows from Theorem 3.3 that the functions » and «" are in ¢*(Qr)
with bounds that are uniform in v.

It remains to prove the convergence rate. This result is a consequence of
the continuous dependence result in Theorem 3.1. Consider first u as a
subsolution and #" as a supersolution. In this case

fz‘g(r, x,r, p, X) = f‘g(‘c, x,r, p, X) — vtr[X],

fP=r°% and 4% =4" for i=1,2. Let R = e ""max(|ul|,sup,|lu'|)). We
estimate the nonzero terms after the application of Theorem 3.1. As in the
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proof of Theorem 3.2 we get
" sup(ult, ) — u' (1, ) < sup ("u(z, x) — 7w (5, ) = S — o)
IRN o

E(),r
and

' o
sup(u(0, 1) (0. ) =5 = )"

0,0

<[u(0,-) — (0, )| + Const. o /1.

By Youngs inequality, |x — y[* <% #/C=# 4 Loy — y|*. Moreover, using
(C6), (C8), and p = Const. a|x — y|~, we obtain

f](ra X, 7, an) - f2(13yara PaX)< C]€(|p| |X - ,V| + |x - J’|'u) + V|t]"[X]|
< Const. (o M1 4 olx — y|> + ver[X])).

Since |a’(z, x, p) — a’(1, y, p)|<C%x — y| by (C8), this term contributes
with a term of the form Const. ajx — y|*. Choosing 7 appropriately eliminates
all terms of the form Const.alx — y[*. Using the bounds X in Diy . we
see that v|&r[X]|< Const. av. Consequently, an application of Theorem 3.1
yields

sup (u(t,) — u'(t,)) <e "Ju(0, ) — u'(0,)|| + Const. (o */C~1 4 vgy).
RN

The result now follows by setting & = v~?~#/2 and then reversing the roles
of u and u".
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